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Introduction: 

Differential equation: 

𝐴𝑛  𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑛𝑣𝑜𝑙𝑣𝑖𝑛𝑔 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 & 𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡  
 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠 & 𝑡𝑒 𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒𝑠 𝑜𝑓 𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠  
 𝑤. 𝑟. 𝑡 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 
 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛. 

𝑖𝑒. 𝑖𝑓 𝑥 𝑖𝑠 𝑎𝑛 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒, 𝑦 𝑖𝑠 𝑡𝑒  
 𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 𝑡𝑒𝑛 𝑎𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑛𝑣𝑜𝑙𝑣𝑖𝑛𝑔, 𝑥, 𝑦 

 & 
𝑑𝑦

𝑑𝑥
 ,
𝑑2𝑦

𝑑𝑥2
 , 𝑒𝑡𝑐 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛. 

 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎𝑟𝑒 𝑜𝑓 2 𝑡𝑦𝑝𝑒𝑠 
 𝑖 𝑶.𝑫. 𝑬: 

𝐴 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑤𝑖𝑐 𝑖𝑛𝑣𝑜𝑙𝑣𝑒𝑠 𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒𝑠 
 𝑤. 𝑟. 𝑡 𝑎 𝑠𝑖𝑛𝑔𝑙𝑒 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 𝑖𝑠 𝑘𝑛𝑜𝑤𝑛 𝑎𝑠 𝑂. 𝐷. 𝐸. 

𝐸𝑔: 
𝑑𝑦

𝑑𝑥
= sin 𝑥 + cos 𝑥 

 2 



 𝑖𝑖 𝑷.𝑫. 𝑬:  
𝐴  𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑤𝑖𝑐 𝑖𝑛𝑣𝑜𝑙𝑣𝑒𝑠 𝑡𝑤𝑜 𝑜𝑟 𝑚𝑜𝑟𝑒 

 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠 & 𝑝𝑎𝑟𝑡𝑖𝑎𝑙 𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒𝑠 𝑤. 𝑟. 𝑡 
 𝑡𝑒𝑚 𝑖𝑠 𝑘𝑛𝑜𝑤𝑛 𝑎𝑠 𝑃. 𝐷. 𝐸. 

𝐸𝑔: 
𝜕2𝑉

𝜕𝑥2
+
𝜕2𝑉

𝜕𝑦2
+
𝜕2𝑉

𝜕𝑧2
= 0 

 𝑶𝒓𝒅𝒆𝒓 𝒐𝒇 𝒂 𝑫. 𝑬: 
𝑇𝑒 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑎 𝐷. 𝐸 𝑖𝑠 𝑡𝑒 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑡𝑒 𝑖𝑔𝑒𝑠𝑡  

 𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑒𝑠 𝑎𝑝𝑝𝑒𝑎𝑟𝑖𝑛𝑔 𝑖𝑛 𝑖𝑡. 

𝐸𝑔: 
𝑑2𝑦

𝑑𝑥2
− 3

𝑑𝑦

𝑑𝑥
+ 2𝑦 = 0 

𝑇𝑒 𝑜𝑟𝑑𝑒𝑟 𝑖𝑠 2. 
 𝑫𝒆𝒈𝒓𝒆𝒆 𝒐𝒇 𝑫. 𝑬: 

𝑇𝑒 𝑑𝑒𝑔𝑟𝑒𝑒 𝑜𝑓  𝑎 𝐷. 𝐸 𝑖𝑠 𝑡𝑒 𝑑𝑒𝑔𝑟𝑒𝑒 𝑜𝑓 𝑡𝑒 𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒  
 𝑜𝑓 𝑡𝑒 𝑖𝑔𝑒𝑠𝑡 𝑜𝑟𝑑𝑒𝑟. 

𝐼𝑓 𝑡𝑒 𝑑𝑒𝑔𝑟𝑒𝑒 𝑜𝑓 𝑎 𝐷. 𝐸 𝑖𝑠 𝑜𝑛𝑒 𝑡𝑒𝑛 𝑖𝑡 𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑎 

 𝑙𝑖𝑛𝑒𝑎𝑟 𝐷. 𝐸.  
3 



Higher order linear differential equation with 

constant co efficient: 

𝑇𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑙  𝑓𝑜𝑟𝑚 𝑜𝑓 𝑎 𝑙𝑖𝑛𝑒𝑎𝑟 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛  
𝑜𝑓 𝑛𝑡ℎ 𝑜𝑟𝑑𝑒𝑟 𝑖𝑠 

𝑑𝑛𝑦

𝑑𝑥𝑛
+ 𝑎1

𝑑 𝑛−1 𝑦

𝑑𝑥 𝑛−1
+ 𝑎2

𝑑 𝑛−2 𝑦

𝑑𝑥 𝑛−2
+⋯+ 𝑎𝑛−1

𝑑𝑦

𝑑𝑥
+ 𝑎𝑛𝑦 = 𝑏    

→ (1) 
𝑤𝑒𝑟𝑒 𝑎1, 𝑎2, … , 𝑎𝑛 𝑎𝑟𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑠 & 𝑏 𝑖𝑠 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓  

𝑥 𝑜𝑟 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡. 
𝑇𝑒 𝑠𝑦𝑚𝑏𝑜𝑙 𝐷 𝑠𝑡𝑎𝑛𝑑𝑠 𝑓𝑜𝑟 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟. 

𝑖𝑒,
𝑑𝑦

𝑑𝑥
= 𝐷𝑦,

𝑑2𝑦

𝑑𝑥2
= 𝐷2𝑦,… ,

𝑑𝑛𝑦

𝑑𝑥𝑛
= 𝐷𝑛𝑦 

∴ 1 => 

𝐷𝑛 + 𝑎1𝐷
𝑛−1 +⋯+ 𝑎𝑛−1𝐷 + 𝑎𝑛 𝑦 = 𝑏 → (2)  

𝑇𝑒 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦
 

𝑦 = 𝑐𝑜𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡𝑎𝑟𝑦 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 + 𝑝𝑎𝑟𝑡𝑖𝑐𝑢𝑙𝑎𝑟 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙
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Complementary function: 

𝐿𝑒𝑡  𝑚1, 𝑚2, 𝑚3…  𝑏𝑒 𝑡𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑎 𝑛
𝑡ℎ 𝑜𝑟𝑑𝑒𝑟  

 𝑙𝑖𝑛𝑒𝑎𝑟 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑡𝑒𝑛, 
 𝑖 𝐼𝑓 𝑡𝑒 𝑟𝑜𝑜𝑡𝑠 𝑎𝑟𝑒 𝑟𝑒𝑎𝑙 & 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡 𝑖𝑒 𝑚1 ≠ 𝑚2 ≠ ⋯  

𝑡𝑒𝑛 𝐶𝐹 = 𝐴𝑒𝑚1𝑥 + 𝐵𝑒𝑚2𝑥 + 𝐶𝑒𝑚3𝑥 +⋯  

 𝑖𝑖 𝐼𝑓 𝑡𝑒 𝑟𝑜𝑜𝑡𝑠 𝑎𝑟𝑒 𝑟𝑒𝑎𝑙 & 2 𝑎𝑟𝑒 𝑒𝑞𝑢𝑎𝑙  
 𝑚1 = 𝑚2 = 𝑚 𝑠𝑎𝑦  &𝑚3 ≠ 𝑚4, …  

𝑡𝑒𝑛 𝐶𝐹 = 𝐴𝑥 + 𝐵 𝑒𝑚𝑥 + 𝐶𝑒𝑚3𝑥 +⋯  

 𝑖𝑖𝑖 𝐼𝑓 2 𝑟𝑜𝑜𝑡𝑠 𝑎𝑟𝑒 𝑖𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦 𝑚 = 𝛼 ± 𝑖𝛽  & 𝑜𝑡𝑒𝑟𝑠 𝑎𝑟𝑒 𝑟𝑒𝑎𝑙 

𝑡𝑒𝑛 𝐶𝐹 = 𝑒𝛼𝑥 𝐴 cos 𝛽𝑥 + 𝐵 sin𝛽𝑥 + 𝐶𝑒𝑚3𝑥 +⋯  

 

Type I: 𝑹𝑯𝑺 = 𝟎 

Rules: 

 1. 𝐹𝑖𝑛𝑑 𝑡𝑒 𝑟𝑜𝑜𝑡𝑠 𝑓𝑟𝑜𝑚 𝐿𝐻𝑆 𝑜𝑓 𝑡𝑒 𝑔𝑖𝑣𝑒𝑛 𝐷. 𝐸 

 2.𝑊𝑟𝑖𝑡𝑒 𝑡𝑒 𝐶𝐹. 
 3. 𝑆𝑖𝑛𝑐𝑒 𝑡𝑒 𝑅𝐻𝑆 = 0, 𝑃𝐼 = 0 

 4. 𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑖𝑠 𝑦 = 𝐶𝐹.  
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Problems: 

1. 𝑆𝑜𝑙𝑣𝑒 𝑦" − 6𝑦′ + 25𝑦 = 0 

Solution: 

𝐺𝑖𝑣𝑒𝑛,  𝑦" − 6𝑦′ + 25𝑦 = 0 

=> 𝐷2 − 6𝐷 + 25 𝑦 = 0 

𝑇𝑒 𝑎𝑢𝑥𝑖𝑙𝑙𝑎𝑟𝑦 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑚2 − 6𝑚 + 25 = 0 

∴ 𝑚 =
6 ± 36 − 100

2
=
6 ± −64

2
 

=
6 ± 𝑖8

2
= 3 ± 𝑖4 

𝑡𝑒 𝑟𝑜𝑜𝑡𝑠 𝑎𝑟𝑒 𝑐𝑜𝑚𝑝𝑙𝑒𝑥, 𝑒𝑟𝑒 𝛼 = 3 &𝛽 = 4  

∴ 𝐶𝐹 = 𝑒3𝑥 𝐴 cos 4𝑥 + 𝐵 sin 4𝑥  

∴ 𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑. 𝑒 𝑖𝑠 𝑦 = 𝐶𝐹 𝑠𝑖𝑛𝑐𝑒 𝑅𝐻𝑆 = 0  

=> 𝒚 = 𝒆𝟑𝒙 𝑨𝐜𝐨𝐬𝟒𝒙 + 𝑩𝐬𝐢𝐧𝟒𝒙  
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2. 𝑆𝑜𝑙𝑣𝑒 𝐷2 + 1 𝑦 = 0, 𝑔𝑛 𝑦 0 = 0, 𝑦′ 0 = 1.  
Solution: 

𝐺𝑖𝑣𝑒𝑛,  𝐷2 + 1 𝑦 = 0  
𝑇𝑒 𝑎𝑢𝑥𝑖𝑙𝑙𝑎𝑟𝑦 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑚2 + 1 = 0 

=> 𝑚 = ±𝑖 (𝐻𝑒𝑟𝑒 𝛼 = 0 & 𝛽 = 1) 
∴ 𝐶𝐹 = 𝐴 cos 𝑥 + 𝐵 sin 𝑥  

∴ 𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑. 𝑒 𝑖𝑠 𝑦 = 𝐶𝐹 𝑠𝑖𝑛𝑐𝑒 𝑅𝐻𝑆 = 0  

 

=> 𝑦 𝑥 = 𝐴 cos 𝑥 + 𝐵 sin 𝑥  

𝐺𝑖𝑣𝑒𝑛 𝑦 0 = 0 & 𝑦′ 0 = 1 

=> 𝑦 0 = 𝐴 cos 0 + 𝐵 sin 0 => 𝐴 = 0  

𝑦′ 𝑥 = 𝐴 −sin 𝑥 + 𝐵 cos 𝑥 

=> 𝑦′ 0 = −𝐴 sin 0 + 𝐵 cos 0 => 𝐵 = 1  

 

∴ 𝑦 = 0 cos 𝑥 + sin 𝑥 => 𝒚 = 𝐬𝐢𝐧 𝒙   
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3. 𝑆𝑜𝑙𝑣𝑒 𝐷3 + 3𝐷2 − 4 𝑦 = 0  
Solution: 

𝐺𝑖𝑣𝑒𝑛, 𝐷3 + 3𝐷2 − 4 𝑦 = 0 

𝑇𝑒 𝑎𝑢𝑥𝑖𝑙𝑙𝑎𝑟𝑦  𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑚3 + 3𝑚2 − 4 = 0 

𝐼𝑓 𝑚 = 1, 𝑡𝑒𝑛 1 + 3 − 4 = 0 

∴ 𝑚 = 1 𝑖𝑠 𝑎 𝑟𝑜𝑜𝑡 
∴ 𝑚3 + 3𝑚2 − 4 = 0 

=> 𝑚 − 1 𝑚2 + 4𝑚 + 4 = 0 

=> 𝑚 − 1 = 0 & 𝑚2 + 4𝑚 + 4 = 0 

=> 𝑚 = 1 & 𝑚 = −2 𝑡𝑤𝑖𝑐𝑒  

𝐻𝑒𝑟𝑒 𝑜𝑛𝑒 𝑟𝑜𝑜𝑡 𝑖𝑠 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡 & 2 𝑟𝑜𝑜𝑡𝑠 𝑎𝑟𝑒 𝑒𝑞𝑢𝑎𝑙  
∴ 𝐶𝐹 = 𝐴𝑒𝑥 + (𝐵𝑥 + 𝐶)𝑒−2𝑥  

∴ 𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑. 𝑒 𝑖𝑠 𝑦 = 𝐶𝐹 𝑠𝑖𝑛𝑐𝑒 𝑅𝐻𝑆 = 0  

=> 𝒚 = 𝑨𝒆𝒙 + 𝑩𝒙 + 𝑪 𝒆−𝟐𝒙  
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4. 𝑆𝑜𝑙𝑣𝑒 𝐷4 − 𝑎4 𝑦 = 0 

Solution: 

𝑇𝑒 𝑎𝑢𝑥𝑖𝑙𝑙𝑎𝑟𝑦 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑚4 − 𝑎4 = 0 

 => 𝑚2 + 𝑎2 𝑚2 − 𝑎2 = 0 

=> 𝑚2 + 𝑎2 = 0 & 𝑚2 − 𝑎2 = 0 

=> 𝑚 = ±𝑖𝑎 & 𝑚 = ±𝑎 

(𝐻𝑒𝑟𝑒 𝑡𝑤𝑜 𝑟𝑡′𝑠 𝑎𝑟𝑒 𝑖𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦 & 2 𝑟𝑡′𝑠 𝑎𝑟𝑒 𝑟𝑒𝑎𝑙 &  
𝑢𝑛𝑒𝑞𝑢𝑎𝑙)   

∴ 𝐶𝐹 = 𝐴 cos 𝑎𝑥 + 𝐵 sin 𝑎𝑥 + 𝐶𝑒𝑎𝑥 + 𝐷𝑒−𝑎𝑥 

∴ 𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑. 𝑒 𝑖𝑠 𝑦 = 𝐶𝐹 𝑠𝑖𝑛𝑐𝑒 𝑅𝐻𝑆 = 0  

𝒚 = 𝑨𝐜𝐨𝐬𝒂𝒙 + 𝑩𝐬𝐢𝐧𝒂𝒙 + 𝑪𝒆𝒂𝒙 +𝑫𝒆−𝒂𝒙  

 

9 



Type II: 𝑹𝑯𝑺 = 𝒆𝒂𝒙 
Rules: 

𝐿𝑒𝑡 𝑓 𝐷 𝑦 = 𝑒𝑎𝑥 

 1. 𝐹𝑖𝑛𝑑 𝐶𝐹 . 

 2. 𝑃𝐼 =
1

𝑓 𝐷
𝑒𝑎𝑥 

 3. 𝑅𝑒𝑝𝑙𝑎𝑐𝑒 𝐷 𝑏𝑦 𝑎  
Case of failure: 

𝐼𝑓 𝑡𝑒 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 𝑧𝑒𝑟𝑜, 
 4.𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑦 𝑛𝑢𝑚𝑒𝑟𝑎𝑡𝑜𝑟 𝑏𝑦 𝑥 & 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑒 𝑡𝑒  

 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟 𝑖𝑒, 𝑃𝐼 =
𝑥

𝑓′ 𝐷
𝑒𝑎𝑥 

 5. 𝑅𝑒𝑝𝑒𝑎𝑡 𝑠𝑡𝑒𝑝 3.  
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Problems: 

1. 𝑆𝑜𝑙𝑣𝑒 𝐷 − 2 2𝑦 = 𝑒2𝑥 

Solution: 

𝐺𝑖𝑣𝑒𝑛, 𝐷 − 2 2𝑦 = 𝑒2𝑥 

𝑇𝑒 𝑎𝑢𝑥𝑖𝑙𝑙𝑎𝑟𝑦 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑚 − 2 2 = 0 

=> 𝑚 = 2,2 𝑒𝑞𝑢𝑎𝑙 𝑟𝑜𝑜𝑡𝑠  

∴ 𝐶𝐹 = 𝐴𝑥 + 𝐵 𝑒2𝑥  

𝑃𝐼 =
1

𝐷 − 2 2
𝑒2𝑥 

=
1

0
𝑒2𝑥   𝑅𝑒𝑝𝑙𝑎𝑐𝑒 𝐷 𝑏𝑦 2  

∴ 𝑃𝐼 =
𝑥

2 𝐷 − 2
𝑒2𝑥 =

𝑥

0
𝑒2𝑥   𝑅𝑒𝑝𝑙𝑎𝑐𝑒 𝐷 𝑏𝑦 2   

=
𝑥2

2 1
 𝑒2𝑥 

𝑃𝐼 =
𝑥2

2
 𝑒2𝑥  
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∴ 𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑. 𝑒 𝑖𝑠 𝑦 = 𝐶𝐹 + 𝑃𝐼 

𝒚 =  𝑨𝒙 + 𝑩 𝒆𝟐𝒙 +
𝒙𝟐

𝟐
 𝒆𝟐𝒙   

 

2. 𝑆𝑜𝑙𝑣𝑒 
𝑑2𝑦

𝑑𝑥2
+ 4

𝑑𝑦

𝑑𝑥
+ 5𝑦 = −2 cosh 𝑥  

Solution: 

𝐺𝑖𝑣𝑒𝑛,   𝐷2 + 4𝐷 + 5 𝑦 = −2
𝑒𝑥+𝑒−𝑥

2
 

𝐷2 + 4𝐷 + 5 𝑦 = − 𝑒𝑥 + 𝑒−𝑥   
𝑇𝑒 𝑎𝑢𝑥𝑖𝑙𝑙𝑎𝑟𝑦 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑚2 + 4𝑚 + 5 = 0 

=> 𝑚 =
−4 ± 16 − 20

2
= −2 ± 𝑖 

(𝐻𝑒𝑟𝑒 𝛼 = −2 & 𝛽 = 1) 

∴ 𝐶𝐹 = 𝑒−2𝑥(𝐴 cos 𝑥 + 𝐵 sin 𝑥)   
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𝑃𝐼 =
1

𝐷2 + 4𝐷 + 5
− 𝑒𝑥 + 𝑒−𝑥  

= −
1

𝐷2 + 4𝐷 + 5
𝑒𝑥 −

1

𝐷2 + 4𝐷 + 5
𝑒−𝑥 

= −
1

1 + 4 + 5
𝑒𝑥 −

1

1 − 4 + 5
𝑒−𝑥 

,𝑅𝑒𝑝𝑙𝑎𝑐𝑒 𝐷 𝑏𝑦 1 𝑖𝑛 1𝑠𝑡 𝑡𝑒𝑟𝑚 & − 1 𝑖𝑛 2𝑛𝑑 𝑡𝑒𝑟𝑚- 

𝑃𝐼 = −
1

10
𝑒𝑥 −

1

2
𝑒−𝑥  

∴ 𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑. 𝑒 𝑖𝑠 𝑦 = 𝐶𝐹 + 𝑃𝐼 

𝒚 = 𝒆−𝟐𝒙(𝑨 𝐜𝐨𝐬 𝒙 + 𝑩𝐬𝐢𝐧𝒙) −
𝟏

𝟏𝟎
𝒆𝒙 −

𝟏

𝟐
𝒆−𝒙  
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3. 𝑆𝑜𝑙𝑣𝑒 𝐷2 + 2𝐷 + 2 𝑦 = 3 + 2𝑒𝑥 

Solution: 

𝐺𝑖𝑣𝑒𝑛, 𝐷2 + 2𝐷 + 2 𝑦 = 3𝑒0 + 2𝑒𝑥 
𝑇𝑒  𝑎. 𝑒 𝑖𝑠 𝑚2 + 2𝑚 + 2 = 0  

=> 𝑚 =
−2 ± 4 − 8

2
= −1 ± 𝑖  

𝐻𝑒𝑟𝑒 𝛼 = −1 & 𝛽 = 1  

∴ 𝐶𝐹 = 𝑒−𝑥 𝐴 cos 𝑥 + 𝐵 sin 𝑥  

𝑃𝐼 =
1

𝐷2 + 2𝐷 + 2
3𝑒0 + 2𝑒𝑥  

=
1

𝐷2 + 2𝐷 + 2
3𝑒0 +

1

𝐷2 + 2𝐷 + 2
2𝑒𝑥 

=
1

0 + 0 + 2
3𝑒0 +

1

1 + 2 + 2
2𝑒𝑥 

𝑅𝑒𝑝𝑙𝑎𝑐𝑒 𝐷 𝑏𝑦 0 𝑖𝑛 1𝑠𝑡 𝑡𝑒𝑟𝑚 & 1 𝑖𝑛 2𝑛𝑑 𝑡𝑒𝑟𝑚  

𝑃𝐼 =
3

2
+
2

5
𝑒𝑥  
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∴ 𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑. 𝑒 𝑖𝑠 𝑦 = 𝐶𝐹 + 𝑃𝐼 

𝒚 = 𝒆−𝒙 𝑨𝐜𝐨𝐬𝒙 + 𝑩𝐬𝐢𝐧𝒙 +
𝟑

𝟐
+
𝟐

𝟓
𝒆𝒙  

Type III: 𝑹𝑯𝑺 = 𝐬𝐢𝐧𝒂𝒙 𝒐𝒓 𝐜𝐨𝐬𝒂𝒙 

Rules: 

𝐿𝑒𝑡 𝑓 𝐷 𝑦 = sin 𝑎𝑥  𝑜𝑟 cos 𝑎𝑥 

 1. 𝐹𝑖𝑛𝑑 𝐶𝐹. 

 2. 𝑃𝐼 =
1

𝑓 𝐷
,sin 𝑎𝑥- 𝑜𝑟

1

𝑓 𝐷
,cos 𝑎𝑥- 

 3. 𝑅𝑒𝑝𝑙𝑎𝑐𝑒 𝐷2 𝑏𝑦 − 𝑎2 
 4. 𝑇𝑎𝑘𝑒 𝑐𝑜𝑛𝑗𝑢𝑔𝑎𝑡𝑒 𝑜𝑓 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟 & 𝑠𝑖𝑚𝑝𝑙𝑖𝑓𝑦  
Case of failure: 

𝐴𝑓𝑡𝑒𝑟 𝑟𝑒𝑝𝑙𝑎𝑐𝑖𝑛𝑔, 𝑖𝑓 𝑡𝑒 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 𝑧𝑒𝑟𝑜, 
 5.𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑦 𝑛𝑢𝑚𝑒𝑟𝑎𝑡𝑜𝑟 𝑏𝑦 𝑥 & 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑒 𝑡𝑒  
 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟 𝑖𝑒,  

𝑃𝐼 =
𝑥

𝑓′ 𝐷
sin 𝑎𝑥  (𝑜𝑟)

𝑥

𝑓′ 𝐷
cos 𝑎𝑥 

 6. 𝑅𝑒𝑝𝑒𝑎𝑡 𝑠𝑡𝑒𝑝 3.  
15 
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Problems: 

1. 𝐹𝑖𝑛𝑑 𝑡𝑒 𝑃𝐼 𝑜𝑓 𝐷2 + 4 𝑦 = cos 2𝑥 . 
Solution: 

𝐺𝑖𝑣𝑒𝑛  𝐷2 + 4 𝑦 = cos 2𝑥 

𝑃𝐼 =
1

𝐷2 + 4
cos 2𝑥 

=
1

−4 + 4
cos 2𝑥 𝑅𝑒𝑝𝑙𝑎𝑐𝑒 𝐷2 = −4  

=
1

0
cos 2𝑥 𝑐𝑎𝑠𝑒 𝑜𝑓 𝑓𝑎𝑖𝑙𝑢𝑟𝑒  

∴ 𝑃𝐼 =
𝑥

2𝐷
cos 2𝑥 

=
𝑥

2

1

𝐷
cos 2𝑥 =

𝑥

2
 cos 2𝑥 𝑑𝑥 

∴ 𝑷𝑰 =
𝒙

𝟒
𝐬𝐢𝐧𝟐𝒙  
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2. 𝑆𝑜𝑙𝑣𝑒 𝐷2 − 4𝐷 + 3 𝑦 = sin 3𝑥 cos 2𝑥 

Solution: 

𝐺𝑖𝑣𝑒𝑛    𝐷2 − 4𝐷 + 3 𝑦 = sin 3𝑥 cos 2𝑥 

=
1

2
sin 5𝑥 + sin 𝑥  

sin 𝐴 cos 𝐵 =
1

2
sin 𝐴 + 𝐵 + sin 𝐴 − 𝐵  

 𝑇𝑒 𝑎. 𝑒 𝑖𝑠 𝑚2 − 4𝑚 + 3 = 0 => 𝑚 = 3,1 𝑟𝑒𝑎𝑙 & 𝑢𝑛𝑒𝑞𝑢𝑎𝑙  

∴ 𝐶𝐹 = 𝐴𝑒3𝑥 + 𝐵𝑒𝑥  

 𝑻𝒐 𝒇𝒊𝒏𝒅 𝑷𝑰: 

𝑃𝐼 =
1

𝐷2 − 4𝐷 + 3

1

2
sin 5𝑥 + sin 𝑥  

=
1

2

1

𝐷2 − 4𝐷 + 3
sin 5𝑥 +

1

𝐷2 − 4𝐷 + 3
sin 𝑥  

𝑃𝐼 =
1

2
𝑃𝐼1 + 𝑃𝐼2  
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𝑃𝐼1 =
1

𝐷2 − 4𝐷 + 3
sin 5𝑥 

= 
1

−25 − 4𝐷 + 3
sin 5𝑥  𝐷2 → −25  

=
1

−4𝐷 − 22
sin 5𝑥 

 

=
−4𝐷 + 22

−4𝐷 − 22 −4𝐷 + 22
sin 5𝑥 

=
−4𝐷 sin 5𝑥 + 22 sin 5𝑥

16𝐷2 − 484
 

=
−20 cos 5𝑥 + 22 sin 5𝑥

16 −25 − 484
 𝐷2 → −25  

=
−20 cos 5𝑥 + 22 sin 5𝑥

−884
 

𝑃𝐼1 =
20 cos 5𝑥 − 22 sin 5𝑥

884
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𝑃𝐼2 =
1

𝐷2 − 4𝐷 + 3
sin 𝑥 

= 
1

−1 − 4𝐷 + 3
sin 𝑥  𝐷2 → −1  

=
1

−4𝐷 + 2
sin 𝑥 

=
−4𝐷 − 2

−4𝐷 + 2 −4𝐷 − 2
sin 𝑥 

=
−4𝐷 sin 𝑥 − 2 sin 𝑥

16𝐷2 − 4
 

=
−4 cos 𝑥 − 2 sin 𝑥

16 −1 − 4
 𝐷2 → −  

=
−4 cos 𝑥 − 2 sin 𝑥

−20
  

𝑃𝐼2 =
2 cos 𝑥 + sin 𝑥

10
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𝑃𝐼 =
1

2
𝑃𝐼1 + 𝑃𝐼2  

𝑃𝐼 =
1

2

20 cos 5𝑥 − 22 sin 5𝑥

884
+
2 cos 𝑥 + sin 𝑥

10
  

∴ 𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑. 𝑒 𝑖𝑠 𝒚 = 𝑪𝑭 + 𝑷𝑰  

 

3. 𝑆𝑜𝑙𝑣𝑒 𝐷2 + 6𝐷 + 8 𝑦 = 𝑐𝑜𝑠2𝑥 

Solution: 

𝐺𝑖𝑣𝑒𝑛   𝐷2 + 6𝐷 + 8 𝑦 = 𝑐𝑜𝑠2𝑥 

=
1 + cos 2𝑥

2
=
𝑒0 + cos 2𝑥

2
 

𝑐𝑜𝑠2𝑥 =
1 + cos 2𝑥

2
 

 𝑻𝒐 𝒇𝒊𝒏𝒅 𝑪𝑭: 
𝑎. 𝑒. 𝑖𝑠 𝑚2 + 6𝑚 + 8 = 0 => 𝑚 = −4,−2 

∴ 𝐶𝐹 = 𝐴𝑒−4𝑥 + 𝐵𝑒−2𝑥  
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𝑃𝐼 =
1

𝐷2 + 6𝐷 + 8

𝑒0 + cos 2𝑥

2
 

 =
1

2

1

𝐷2 + 6𝐷 + 8
𝑒0 +

1

𝐷2 + 6𝐷 + 8
cos 2𝑥  

∴ 𝑃𝐼 =
1

2
𝑃𝐼1 + 𝑃𝐼2  

𝑃𝐼1 =
1

𝐷2 + 6𝐷 + 8
𝑒0 =

1

8
𝑒0  

𝑃𝐼1 =
1

8
 

𝑃𝐼2 =
1

𝐷2 + 6𝐷 + 8
cos 2𝑥 

=
1

−4 + 6𝐷 + 8
cos 2𝑥  𝐷2 → −4  

=
1

6𝐷 + 4
cos 2𝑥 =

6𝐷 − 4

6𝐷 + 4 6𝐷 − 4
cos 2𝑥 
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=
6𝐷 cos 2𝑥 − 4 cos 2𝑥

36𝐷2 − 16
 

 

=
6(−2 sin 2𝑥) − 4(cos 2𝑥)

36 −4 − 16
 

=
−12 sin 2𝑥 − 4 cos 2𝑥

−160
 

𝑃𝐼2 =
3 sin 2𝑥 + cos 2𝑥

40
  

 𝑃𝐼 =
1

2
𝑃𝐼1 + 𝑃𝐼2  

𝑃𝐼 =
1

2

1

8
+
3 sin 2𝑥 + cos 2𝑥

40
  

 

∴ 𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛  𝑜𝑓 𝑑. 𝑒 𝑖𝑠 𝒚 = 𝑪𝑭 + 𝑷𝑰  
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Type IV: 𝑹𝑯𝑺 = 𝒙𝒎 

Rules: 

𝐿𝑒𝑡 𝑓 𝐷 𝑦 = 𝑥𝑚 

 1. 𝐹𝑖𝑛𝑑  𝐶𝐹. 

 2. 𝑃𝐼 =
1

𝑓 𝐷
,𝑥𝑚-  

 3. 𝑅𝑒𝑤𝑟𝑖𝑡𝑒 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟 𝑜𝑓 𝑡𝑒 𝑓𝑜𝑟𝑚 

1 ± 𝜑 𝐷     𝑖𝑒 𝑃𝐼 =
1

1 ± 𝜑 𝐷
𝑥𝑚  

 4. 𝑃𝐼 = 1 ± 𝜑 𝐷 −1𝑥𝑚 

 5. 𝐸𝑥𝑝𝑎𝑛𝑑 & 𝑠𝑖𝑚𝑝𝑙𝑖𝑓𝑦. 
Note: 

𝑖 1 + 𝑥 −1 = 1 − 𝑥 + 𝑥2 − 𝑥3 +⋯ 

𝑖𝑖 1 − 𝑥 −1 = 1 + 𝑥 + 𝑥2 + 𝑥3 +⋯  
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Problems: 

1. 𝐹𝑖𝑛𝑑  𝑃𝐼 𝑜𝑓 𝐷2 + 4 𝑦 = 𝑥2 
Solution: 

𝐺𝑖𝑣𝑒𝑛, 𝐷2 + 4 𝑦 = 𝑥2 
 𝑻𝒐 𝒇𝒊𝒏𝒅 𝑷𝑰: 

𝑃𝐼 =
1

𝐷2 + 4
𝑥2 

=
1

4 1 +
𝐷2

4

𝑥2 

=
1

4
1 +

𝐷2

4

−1

𝑥2 

=
1

4
1 −

𝐷2

4
+
𝐷4

16
−⋯ 𝑥2 

=
1

4
𝑥2 −

2

4
+ 0 −⋯ =

1

4
𝑥2 −

1

2
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𝑷𝑰 =
𝟏

𝟒
𝒙𝟐 −

𝟏

𝟐
  

2. 𝑆𝑜𝑙𝑣𝑒  𝐷2 + 5𝐷 + 4 𝑦 = 𝑥2 + 7𝑥 + 9  
Solution: 

𝐺𝑖𝑣𝑒𝑛   𝐷2 + 5𝐷 + 4 𝑦 = 𝑥2 + 7𝑥 + 9 

𝑎. 𝑒 𝑖𝑠 𝑚2 + 5𝑚 + 4 = 0 => 𝑚 = −4,−1 

∴ 𝐶𝐹 = 𝐴𝑒−4𝑥 + 𝐵𝑒−𝑥   

𝑃𝐼 =
1

𝐷2 + 5𝐷 + 4
𝑥2 + 7𝑥 + 9  

=
1

4 1 +
𝐷2 + 5𝐷
4

𝑥2 + 7𝑥 + 9  

=
1

4
1 +

𝐷2 + 5𝐷

4

−1

𝑥2 + 7𝑥 + 9  

=
1

4
1 −

𝐷2 + 5𝐷

4
+
𝐷2 + 5𝐷

4

2

−⋯ 𝑥2 + 7𝑥 + 9  



26 

=
1

4
1 −

𝐷2

4
−
5𝐷

4
+
25𝐷2

16
𝑥2 + 7𝑥 + 9  

*𝐷 𝑥2 + 7𝑥 + 9 = 2𝑥 + 7,  
𝐷2 𝑥2 + 7𝑥 + 9 = 2+ 

𝑃𝐼 =  
1

4
𝑥2 + 7𝑥 + 9 −

2

4
−
5 2𝑥 + 7

4
+
25 2

16
 

=
1

4
𝑥2 + 7𝑥 + 9 −

1

2
−
5𝑥

2
−
35

4
+
25

8
 

𝑃𝐼 =
1

4
𝑥2 +

9𝑥

2
+
23

8
 

∴ 𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑. 𝑒 𝑖𝑠 𝒚 = 𝑪𝑭 + 𝑷𝑰  
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3. 𝑠𝑜𝑙𝑣𝑒 𝐷3 + 2𝐷2 + 𝐷 𝑦 = 𝑒2𝑥 + 𝑥2 + 𝑥  
Solution: 

𝑎. 𝑒  𝑖𝑠 𝑚3 + 2𝑚2 +𝑚 = 0 

=> 𝑚 𝑚2 + 2𝑚 + 1 = 0 => 𝑚 = 0,−1,−1 

𝐻𝑒𝑟𝑒 𝑡𝑒 𝑟𝑜𝑜𝑡𝑠 𝑎𝑟𝑒 𝑟𝑒𝑎𝑙 𝑎𝑛𝑑 𝑜𝑛𝑒 𝑖𝑠 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡 

𝐶𝐹 = 𝐴𝑒0𝑥 + 𝐵𝑥 + 𝐶 𝑒−𝑥   

𝑃𝐼 =
1

𝐷3 + 2𝐷2 + 𝐷
𝑒2𝑥 + 𝑥2 + 𝑥 

=
1

𝐷3 + 2𝐷2 + 𝐷
𝑒2𝑥 +

1

𝐷3 + 2𝐷2 + 𝐷
(𝑥2 + 𝑥) 

𝑃𝐼 = 𝑃𝐼1 + 𝑃𝐼2  

𝑃𝐼1 =
1

𝐷3 + 2𝐷2 + 𝐷
𝑒2𝑥 

=
1

8 + 2 4 + 2
𝑒2𝑥   𝐷 → 2  
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𝑃𝐼1 =
𝑒2𝑥

18
  

𝑃𝐼2  =
1

𝐷3 + 2𝐷2 + 𝐷
𝑥2 + 𝑥  

=
1

𝐷 1 + 𝐷2 + 2𝐷
𝑥2 + 𝑥  

=
1

𝐷
1 + 𝐷2 + 2𝐷 −1 𝑥2 + 𝑥  

=
1

𝐷
1 − 𝐷2 + 2𝐷 + 𝐷2 + 2𝐷 2 −⋯ 𝑥2 + 𝑥  

𝐷 𝑥2 + 𝑥 = 2𝑥 + 1,𝐷2 𝑥2 + 𝑥 = 2    

=
1

𝐷
1 − 𝐷2 − 2𝐷 + 4𝐷2 𝑥2 + 𝑥  

=
1

𝐷
1 + 3𝐷2 − 2𝐷 𝑥2 + 𝑥  

=
1

𝐷
𝑥2 + 𝑥 + 3 2 − 2 2𝑥 + 1  
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=
1

𝐷
𝑥2 − 3𝑥 + 4  

𝑃𝐼2 = 
𝑥3

3
−
3𝑥2

2
+ 4𝑥  

∴ 𝑃𝐼 = 𝑃𝐼1 + 𝑃𝐼2 

𝑃𝐼 =
𝑒2𝑥

18
+
𝑥3

3
−
3𝑥2

2
+ 4𝑥  

∴ 𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑. 𝑒 𝑖𝑠 𝒚 = 𝑪𝑭 + 𝑷𝑰  

 

4. 𝑆𝑜𝑙𝑣𝑒 𝐷4 + 𝐷3 + 𝐷2 𝑦 = 5𝑥2 + cos 𝑥 

Solution: 

𝑎. 𝑒 𝑖𝑠 𝑚4 +𝑚3 +𝑚2 = 0 

=> 𝑚2 𝑚2 +𝑚 + 1 = 0 

=> 𝑚2 = 0 ,𝑚2 +𝑚 + 1 = 0 

=> 𝑚 = 0,0 ,
−1 ± 𝑖 3

2
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𝐶𝐹 = 𝐴𝑥 + 𝐵 + 𝑒−
1
2
𝑥 𝐶 cos

3

2
𝑥 + 𝐷 sin

3

2
𝑥  

𝑃𝐼 =
1

𝐷4 + 𝐷3 + 𝐷2
5𝑥2 + cos 𝑥  

=
1

𝐷2 𝐷2 + 𝐷 + 1
5𝑥2 +

1

𝐷2 𝐷2 + 𝐷 + 1
cos 𝑥 

𝑃𝐼 = 𝑃𝐼1 + 𝑃𝐼2  

𝑃𝐼1 =
1

𝐷2 𝐷2 + 𝐷 + 1
5𝑥2 

=
1

𝐷2
1 + 𝐷2 + 𝐷 −15𝑥2 

=
1

𝐷2
1 − 𝐷2 + 𝐷 + 𝐷2 + 𝐷 2 +⋯ 5𝑥2 

=
1

𝐷2
1 − 𝐷2 − 𝐷 + 𝐷2 5𝑥2 

𝐷 5𝑥2 = 10𝑥, 𝐷2 5𝑥2 = 10  
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=
1

𝐷2
5𝑥2 − 10 − 10𝑥 + 10  

 =
1

𝐷2
5𝑥2 − 10𝑥  

=
1

𝐷
5
𝑥3

3
− 10

𝑥2

2
 

𝑃𝐼1 = 5
𝑥4

12
− 5

𝑥3

3
  

𝑃𝐼2 =
1

𝐷2 𝐷2 + 𝐷 + 1
cos 𝑥  

=
1

−1 −1 + 𝐷 + 1
cos 𝑥   𝐷2 → −1  

=
1

−𝐷
cos 𝑥 = − sin 𝑥  

𝑃𝐼2 = −sin 𝑥  

∴ 𝑃𝐼 = 𝑃𝐼1 + 𝑃𝐼2 

∴ 𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑. 𝑒 𝑖𝑠 𝒚 = 𝑪𝑭 + 𝑷𝑰  
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5. 𝑆𝑜𝑙𝑣𝑒 𝐷2 − 3𝐷 + 2 𝑦 = 2 cos 2𝑥 + 3 + 2𝑒𝑥 
Solution: 

𝑎. 𝑒  𝑖𝑠 𝑚2 − 3𝑚 + 2 = 0 => 𝑚 = 2,1 

𝐶𝐹 = 𝐴𝑒2𝑥 + 𝐵𝑒𝑥 

𝑃𝐼 =
1

𝐷2 − 3𝐷 + 2
2 cos 2𝑥 + 3 + 2𝑒𝑥  

=
1

𝐷2 − 3𝐷 + 2
2 cos 2𝑥 + 3 +

1

𝐷2 − 3𝐷 + 2
2𝑒𝑥 

𝑃𝐼 = 𝑃𝐼1 + 𝑃𝐼2  

𝑃𝐼1 =
1

𝐷2 − 3𝐷 + 2
2 cos 2𝑥 + 3  

= 2
1

−4 − 3𝐷 + 2
cos 2𝑥 + 3  𝐷2 → −4  

= 2
1

−3𝐷 − 2
cos 2𝑥 + 3  

= 2
−3𝐷 + 2

9𝐷2 − 4
cos 2𝑥 + 3  
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= 2
−3 −2 sin 2𝑥 + 3 + 2 cos 2𝑥 + 3

−40
 

= 
−6 sin 2𝑥 + 3 − 2 cos 2𝑥 + 3

20
 

𝑃𝐼1 =
−3 sin 2𝑥 + 3 − cos 2𝑥 + 3

10
 

𝑃𝐼2 =
1

𝐷2 − 3𝐷 + 2
2𝑒𝑥 

=
1

1 − 3 + 2
2𝑒𝑥 𝐷 → 1  

𝑃𝐼2 =
𝑥

2𝐷 − 3
2𝑒𝑥 

=
𝑥

2 − 3
2𝑒𝑥 

𝑃𝐼2 = −2𝑥𝑒
𝑥  

∴ 𝑃𝐼 = 𝑃𝐼1 + 𝑃𝐼2 

∴ 𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑. 𝑒 𝑖𝑠 𝒚 = 𝑪𝑭 + 𝑷𝑰  

 



34 

Type V: 𝑹𝑯𝑺 = 𝒆𝒂𝒙𝑽,𝒘𝒉𝒆𝒓𝒆 𝑽 𝒊𝒔 𝒔𝒐𝒎𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒙 

Rules: 

𝐿𝑒𝑡 𝑓 𝐷 𝑦 = 𝑒𝑎𝑥𝑉 

 1. 𝐹𝑖𝑛𝑑 𝐶𝐹 

 2. 𝑃𝐼 =
1

𝑓 𝐷
𝑒𝑎𝑥𝑉 

  3. 𝑃𝐼 = 𝑒𝑎𝑥
1

𝑓 𝐷+𝑎
𝑉 

 

4. 𝐴𝑝𝑝𝑙𝑦 𝑡𝑦𝑝𝑒 𝐼𝐼𝐼 𝑖𝑓 𝑉 𝑖𝑠 sin 𝑎𝑥 𝑜𝑟 cos 𝑎𝑥  𝑜𝑟 𝑡𝑦𝑝𝑒 𝐼𝑉 𝑖𝑓 𝑉 𝑖𝑠 𝑥𝑚 
 

Problems: 

1. 𝑆𝑜𝑙𝑣𝑒 𝐷2 − 2𝐷 + 5 𝑦 = 𝑒2𝑥 sin 𝑥  
Solution: 

𝑎. 𝑒 𝑖𝑠 𝑚2 − 2𝑚 + 5 = 0 => 𝑚 = 1 ± 2𝑖 
𝐶𝐹 = 𝑒𝑥 𝐴 cos 2𝑥 + 𝐵 sin 2𝑥  

𝑃𝐼 =
1

𝐷2 − 2𝐷 + 5
𝑒2𝑥 sin 𝑥 

 



35 

= 𝑒2𝑥
1

𝐷 + 2 2 − 2 𝐷 + 2 + 5
sin 𝑥 

= 𝑒2𝑥 
1

𝐷2 + 4𝐷 + 4 − 2𝐷 − 4 + 5
sin 𝑥 

= 𝑒2𝑥
1

𝐷2 + 2𝐷 + 5
sin 𝑥 

= 𝑒2𝑥
1

−1 + 2𝐷 + 5
sin 𝑥   𝐷2 → −1  

= 𝑒2𝑥
1

2𝐷 + 4
sin 𝑥 

= 𝑒2𝑥
2𝐷 − 4

4𝐷2 − 16
sin 𝑥 

= 𝑒2𝑥
2 cos 𝑥 − 4 sin 𝑥

−20
  𝐷2 → −1  

𝑃𝐼 = 𝑒2𝑥
2 sin 𝑥 − cos 𝑥

10
  

∴ 𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑. 𝑒 𝑖𝑠 𝒚 = 𝑪𝑭 + 𝑷𝑰  
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2. 𝑆𝑜𝑙𝑣𝑒 𝐷2 − 4𝐷 + 3 𝑦 = 2𝑥𝑒3𝑥 + 3𝑒𝑥 cos 2𝑥 

Solution: 

𝑎. 𝑒  𝑖𝑠 𝑚2 − 4𝑚 + 3 = 0 => 𝑚 = 1,3 

𝐶𝐹 = 𝐴𝑒𝑥 + 𝐵𝑒3𝑥  

𝑃𝐼 =
1

𝐷2 − 4𝐷 + 3
2𝑥𝑒3𝑥 +

1

𝐷2 − 4𝐷 + 3
3𝑒𝑥 cos 2𝑥 

𝑃𝐼 = 𝑃𝐼1 + 𝑃𝐼2  

𝑃𝐼1 =
1

𝐷2 − 4𝐷 + 3
2𝑥𝑒3𝑥 

= 2𝑒3𝑥
1

𝐷 + 3 2 − 4 𝐷 + 3 + 3
𝑥 𝐷 → 𝐷 + 3  

= 2𝑒3𝑥
1

𝐷2 + 6𝐷 + 9 − 4𝐷 − 12 + 3
𝑥 

= 2𝑒3𝑥
1

𝐷2 + 2𝐷
𝑥 =

2𝑒3𝑥

2𝐷
1 +

𝐷

2

−1

𝑥 

=
𝑒3𝑥

𝐷
1 −

𝐷

2
𝑥  𝐷 𝑥 = 1  
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=
𝑒3𝑥

𝐷
𝑥 −

1

2
 

𝑃𝐼1 = 𝑒
3𝑥
𝑥2

2
−
𝑥

2
  

𝑃𝐼2 =
1

𝐷2 − 4𝐷 + 3
3𝑒𝑥 cos 2𝑥 

= 3𝑒𝑥
1

𝐷 + 1 2 − 4 𝐷 + 1 + 3
cos 2𝑥 

𝐷 → 𝐷 + 1  

= 3𝑒𝑥
1

𝐷2 − 2𝐷
cos 2𝑥 

= 3𝑒𝑥
1

−4 − 2𝐷
cos 2𝑥 𝐷2 → −4  

= −3𝑒𝑥
2𝐷 − 4

2𝐷 + 4 2𝐷 − 4
cos 2𝑥 

= −3𝑒𝑥
2𝐷 − 4

4𝐷2 − 16
cos 2𝑥 
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= −3𝑒𝑥
2 −2 sin 2𝑥 − 4 cos 2𝑥

4 −4 − 16
 𝐷2 → −4   

= −3𝑒𝑥
4 sin 2𝑥 + 4 cos 2𝑥

32
 

𝑃𝐼2 = −
3

8
𝑒𝑥,sin 2𝑥 + cos 2𝑥-  

∴ 𝑃𝐼 = 𝑃𝐼1 + 𝑃𝐼2 

∴ 𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑. 𝑒 𝑖𝑠 𝒚 = 𝑪𝑭 + 𝑷𝑰  

 

3. 𝑆𝑜𝑙𝑣𝑒 𝐷2 − 6 𝑦 = 𝑒𝑥 sin2 𝑥 

Solution: 

𝑎. 𝑒 𝑖𝑠 𝑚2 − 6 = 0 => 𝑚 = ± 6 

𝐶𝐹 = 𝐴𝑒 6𝑥 + 𝐵𝑒− 6𝑥  

𝑃𝐼 =
1

𝐷2 − 6
𝑒𝑥
1 − cos 2𝑥

2
 

 



39 

=
1

𝐷2 − 6

𝑒𝑥

2
−

1

𝐷2 − 6

𝑒𝑥 cos 2𝑥

2
 

𝑃𝐼 = 𝑃𝐼1 − 𝑃𝐼2  

𝑃𝐼1 =
1

𝐷2 − 6

𝑒𝑥

2
=
1

2

1

1 − 6
𝑒𝑥 𝐷 → 1  

𝑃𝐼1 = −
𝑒𝑥

10
  

𝑃𝐼2 =
1

𝐷2 − 6

𝑒𝑥 cos 2𝑥

2
 

=
𝑒𝑥

2

1

𝐷 + 1 2 − 6
cos 2𝑥 

=
𝑒𝑥

2
 

1

𝐷2 + 2𝐷 − 5
cos 2𝑥 

=
𝑒𝑥

2

1

2𝐷 − 9
cos 2𝑥  𝐷2 → −4  

=
𝑒𝑥

2

2𝐷 + 9

4𝐷2 − 81
cos 2𝑥 
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=
𝑒𝑥

2

2(−2 sin 2𝑥) + 9 (cos 2𝑥)

−97
  𝐷2 → −4  

𝑃𝐼2 =  
𝑒𝑥

194
,4 sin 2𝑥 − 9 cos 2𝑥-  

∴ 𝑃𝐼 = 𝑃𝐼1 − 𝑃𝐼2  

∴ 𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑. 𝑒 𝑖𝑠 𝒚 = 𝑪𝑭 + 𝑷𝑰  

 

 𝑻𝒚𝒑𝒆 𝑽𝑰: 𝑹𝑯𝑺 = 𝒙𝒏 𝐬𝐢𝐧𝒂𝒙 𝒐𝒓  𝒙𝒏 𝐜𝐨𝐬𝒂𝒙 

 𝑹𝒖𝒍𝒆𝒔: 
 1. 𝐹𝑖𝑛𝑑 𝐶𝐹 

 2. 𝑃𝐼 =
1

𝑓 𝐷
𝑥𝑛 sin 𝑎𝑥 𝑜𝑟

1

𝑓 𝐷
𝑥𝑛 cos 𝑎𝑥 

 3. 𝑃𝐼 =
1

𝑓 𝐷
𝐼𝑃 𝑒𝑖𝑎𝑥 𝑥𝑛 𝑜𝑟

1

𝑓 𝐷
𝑅𝑃(𝑒𝑖𝑎𝑥)𝑥𝑛  

 4. 𝐴𝑝𝑝𝑙𝑦 𝑡𝑦𝑝𝑒 𝑉 𝑎𝑛𝑑 𝑠𝑖𝑚𝑝𝑙𝑓𝑦.  
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Problems: 

1. 𝑆𝑜𝑙𝑣𝑒 𝑦" + 2𝑦′ + 𝑦 = 𝑥 cos x 
Solution: 

𝑔𝑖𝑣𝑒𝑛 𝐷2 + 2𝐷 + 1 𝑦 = 𝑥 cos 𝑥 

𝑎. 𝑒 𝑖𝑠 𝑚2 + 2𝑚 + 1 = 0 => 𝑚 = −1,−1 

𝐶𝐹 = 𝐴𝑥 + 𝐵 𝑒−𝑥  

𝑃𝐼 =
1

𝐷2 + 2𝐷 + 1
𝑥 cos 𝑥 

=
1

𝐷2 + 2𝐷 + 1
𝑅𝑃𝑒𝑖𝑥𝑥 

= 𝑅𝑃
1

𝐷2 + 2𝐷 + 1
𝑒𝑖𝑥𝑥  

= 𝑅𝑃𝑒𝑖𝑥
1

(𝐷 + 𝑖)2+2(𝐷 + 𝑖) + 1
𝑥 

= 𝑅𝑃𝑒𝑖𝑥
1

𝐷2 + 2𝑖𝐷 − 1 + 2𝐷 + 2𝑖 + 1
𝑥 
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= 𝑅𝑃𝑒𝑖𝑥
1

𝐷2 + 2𝐷 𝑖 + 1 + 2𝑖
𝑥 

=  𝑅𝑃𝑒𝑖𝑥
1

2𝑖 1 +
𝐷2 + 2𝐷 𝑖 + 1

2𝑖

𝑥 

= 𝑅𝑃𝑒𝑖𝑥
1

2𝑖
1 +

𝐷2 + 2𝐷 𝑖 + 1

2𝑖

−1

𝑥 

= 𝑅𝑃𝑒𝑖𝑥
1

2𝑖
1 −

𝐷2 + 2𝐷 𝑖 + 1

2𝑖
+ ⋯ 𝑥 

= 𝑅𝑃𝑒𝑖𝑥
1

2𝑖
𝑥 −

2 𝑖 + 1

2𝑖
𝐷 𝑥 = 1  

= 𝑅𝑃𝑒𝑖𝑥
1

2𝑖
𝑥 − 1 −

1

𝑖
 

= 𝑅𝑃 cos 𝑥 + 𝑖 sin 𝑥
1

−2
2𝑖 𝑥 − 1 − 1  

= −
1

2
− cos 𝑥 − 𝑥 − 1 sin 𝑥  
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𝑃𝐼 =
1

2
cos 𝑥 + 𝑥 − 1 sin 𝑥   

∴  𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑. 𝑒 𝑖𝑠 𝒚 = 𝑪𝑭 + 𝑷𝑰  

 

2. 𝑆𝑜𝑙𝑣𝑒 𝐷2 + 4 𝑦 = 𝑥2 sin 2𝑥 

Solution: 

𝑎. 𝑒 𝑖𝑠 𝑚2 + 4 = 0 => 𝑚 = ±2𝑖 
𝐶𝐹 = 𝐴 cos 2𝑥 + 𝐵 sin 2𝑥 

𝑃𝐼 =
1

𝐷2 + 4
𝑥2 sin 2𝑥 

=
1

𝐷2 + 4
𝑥2 𝐼𝑃𝑒𝑖2𝑥  

= 𝐼𝑃
1

𝐷2 + 4
𝑥2𝑒𝑖2𝑥 

= 𝐼𝑃𝑒𝑖2𝑥
1

𝐷 + 2𝑖 2 + 4
𝑥2 𝐷 → 𝐷 + 2𝑖  
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= 𝐼𝑃𝑒𝑖2𝑥
1

𝐷2 + 4𝑖𝐷 − 4 + 4
𝑥2 

=  𝐼𝑃𝑒𝑖2𝑥
1

𝐷2 + 4𝑖𝐷
𝑥2 

= 𝐼𝑃
𝑒𝑖2𝑥

4𝑖𝐷
1 +

𝐷

4𝑖

−1

𝑥2 

= 𝐼𝑃
𝑒𝑖2𝑥

4𝑖𝐷
1 −

𝐷

4𝑖
+
𝐷

4𝑖

2

+⋯ 𝑥2 

= 𝐼𝑃
𝑒𝑖2𝑥

4𝑖𝐷
𝑥2 −

2𝑥

4𝑖
+

2

−16
 

𝐷 𝑥2 = 2𝑥, 𝐷2 𝑥2 = 2  

= 𝐼𝑃
𝑒𝑖2𝑥

4𝑖𝐷

8𝑖𝑥2 − 4𝑥 − 𝑖

8𝑖
 

= 𝐼𝑃
𝑒𝑖2𝑥

−32𝐷
8𝑖𝑥2 − 4𝑥 − 𝑖  

= −
1

32
𝐼𝑃 cos 2𝑥 + 𝑖 sin 2𝑥 8

𝑥3

3
− 𝑥 𝑖 − 2𝑥2  
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= −
1

32
8
𝑥3

3
− 𝑥 cos 2𝑥 − 2𝑥2sin 2𝑥  

𝑃𝐼 = −
1

32
8
𝑥3

3
− 𝑥 cos 2𝑥 − 2𝑥2sin 2𝑥  

∴ 𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑. 𝑒 𝑖𝑠 𝒚 = 𝑪𝑭 + 𝑷𝑰  

3. 𝐹𝑖𝑛𝑑 𝑃𝐼 𝑜𝑓 𝐷2 − 2𝐷 + 1 𝑦 = 𝑥𝑒𝑥 sin 𝑥  
Solution: 

𝑃𝐼 =
1

𝐷2 − 2𝐷 + 1
𝑥𝑒𝑥 sin 𝑥 

= 𝑒𝑥
1

𝐷 + 1 2 − 2 𝐷 + 1 + 1
𝑥 sin 𝑥 

= 𝑒𝑥
1

𝐷2 + 2𝐷 + 1 − 2𝐷 − 2 + 1
𝑥 sin 𝑥 

= 𝑒𝑥
1

𝐷2
𝑥 sin 𝑥 

= 𝑒𝑥
1

𝐷
−𝑥 cos 𝑥 + sin 𝑥  
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*𝑢𝑠𝑖𝑛𝑔 𝑏𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖 𝑓𝑜𝑟𝑚𝑢𝑙𝑎,  
𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟  𝑢 = 𝑥 &𝑑𝑣 = sin 𝑥+ 

= 𝑒𝑥 −𝑥 sin 𝑥 − cos 𝑥 − cos 𝑥  

𝑷𝑰 = −𝒆𝒙,𝒙 𝐬𝐢𝐧 𝒙 + 𝟐 𝐜𝐨𝐬𝒙-  
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Cauchy’s Linear Differential Equation: 

𝐴𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡𝑒 𝑓𝑜𝑟𝑚 

𝑥𝑛
𝑑𝑛𝑦

𝑑𝑥𝑛
+ 𝑎1𝑥

𝑛−1
𝑑 𝑛−1 𝑦

𝑑𝑥 𝑛−1
+⋯+ 𝑎𝑛−1𝑥

𝑑𝑦

𝑑𝑥
+ 𝑎𝑛𝑦 = 𝑏    → (1) 

𝑤𝑒𝑟𝑒 𝑎1, 𝑎2, … , 𝑎𝑛 𝑎𝑟𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑠 & 𝑏 𝑖𝑠 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑥 𝑜𝑟  

 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝐶𝑎𝑢𝑐𝑦′𝑠 𝑙𝑖𝑛𝑒𝑎𝑟 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛. 
1  𝑐𝑎𝑛 𝑏𝑒 𝑟𝑒𝑑𝑢𝑐𝑒𝑑 𝑡𝑜 𝑙𝑖𝑛𝑒𝑎𝑟 𝑑. 𝑒 𝑤𝑖𝑡 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡  

 𝑐𝑜 𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑏𝑦 𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 

𝑥 = 𝑒𝑧 => 𝑧 = log 𝑥 

𝑥
𝑑𝑦

𝑑𝑥
= 𝐷′𝑦 𝑤𝑒𝑟𝑒 𝐷′ =

𝑑

𝑑𝑧
 

𝑥2
𝑑2𝑦

𝑑𝑥2
= 𝐷′ 𝐷′ − 1 𝑦 

𝑥3
𝑑3𝑦

𝑑𝑥3
= 𝐷′ 𝐷′ − 1 𝐷′ − 2 𝑦 & 𝑠𝑜 𝑜𝑛.  



48 

Problems: 

1 . 𝑆𝑜𝑙𝑣𝑒 𝑥2
𝑑2𝑦

𝑑𝑥2
− 𝑥

𝑑𝑦

𝑑𝑥
+ 𝑦 = 0 

Solution: 

𝐺𝑖𝑣𝑒𝑛 𝑥2𝐷2 − 𝑥𝐷 + 1 𝑦 = 0 

𝑃𝑢𝑡 𝑥 = 𝑒𝑧 => 𝑧 = log 𝑥 

𝑥𝐷 = 𝐷′, 𝑥2𝐷2 = 𝐷′ 𝐷′ − 1 𝑤𝑒𝑟𝑒 𝐷′ =
𝑑

𝑑𝑧
 

∴ 𝐷′ 𝐷′ − 1 − 𝐷′ + 1 𝑦 = 0 

=> 𝐷′
2
− 𝐷′ − 𝐷′ + 1 𝑦 = 0 

=> 𝐷′
2
− 2𝐷′ + 1 𝑦 = 0 

𝑎. 𝑒 𝑖𝑠 𝑚2 − 2𝑚 + 1 = 0 

=> 𝑚 = 1,1 

𝐶𝐹 = (𝐴𝑧 + 𝐵)𝑒𝑧   

𝑠𝑜𝑙𝑛 𝑖𝑠 𝑦 = 𝐶𝐹 𝑠𝑖𝑛𝑐𝑒 𝑅𝐻𝑆 = 0  

∴ 𝑦 = 𝐴𝑧 + 𝐵 𝑒𝑧 

=> 𝒚 = 𝑨 𝐥𝐨𝐠𝒙 + 𝑩 𝒙  
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2. 𝑠𝑜𝑙𝑣𝑒 𝑥2
𝑑2𝑦

𝑑𝑥2
+ 𝑥

𝑑𝑦

𝑑𝑥
− 9𝑦 = 10 +

5

𝑥2
  

Solution: 

𝐺𝑖𝑣𝑒𝑛  𝑥2𝐷2 + 𝑥𝐷 − 9 𝑦 = 10 +
5

𝑥2
 

𝑃𝑢𝑡 𝑥 = 𝑒𝑧 => 𝑧 = log 𝑥 

𝑥𝐷 = 𝐷′, 𝑥2𝐷2 = 𝐷′ 𝐷′ − 1 𝑤𝑒𝑟𝑒 𝐷′ =
𝑑

𝑑𝑧
 

𝐷′ 𝐷′ − 1 + 𝐷′ − 9 𝑦 = 10𝑒0 +
5

𝑒𝑧 2
 

𝐷′ 2 − 9 𝑦 = 10𝑒0 + 5𝑒−2𝑧 
𝑎. 𝑒 𝑖𝑠 𝑚2 − 9 = 0 => 𝑚 = ±3 

𝐶𝐹 = 𝐴𝑒3𝑧 + 𝐵𝑒−3𝑧  

𝑃𝐼 = 𝑃𝐼1 + 𝑃𝐼2 

𝑃𝐼1 =
1

𝐷′ 2 − 9
10𝑒0 =

10

−9
𝑒0 𝐷′ → 0  
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𝑃𝐼1 = −
10

9
 

𝑃𝐼2 = 
1

𝐷′ 2 − 9
5𝑒−2𝑧 

= 5
1

4 − 9
𝑒−2𝑧 𝐷′ → −2  

𝑃𝐼2 = −𝑒
−2𝑧  

∴ 𝑆𝑜𝑙𝑛 𝑖𝑠 𝑦 = 𝐶𝐹 + 𝑃𝐼 

=> 𝑦 = 𝐴𝑒3𝑧 + 𝐵𝑒−3𝑧 −
10

9
− 𝑒−2𝑧 

=> 𝑦 = 𝐴𝑒3 log 𝑥 + 𝐵𝑒−3 log 𝑥 −
10

9
− 𝑒−2 log 𝑥 

=> 𝒚 = 𝑨𝒙𝟑 + 𝑩𝒙−𝟑 −
𝟏𝟎

𝟗
− 𝒙−𝟐  
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3. 𝑆𝑜𝑙𝑣𝑒 𝑥2𝐷2 − 3𝑥𝐷 + 4 𝑦 = (log 𝑥)2+cos(log 𝑥)  
Solution: 

 𝐺𝑖𝑣𝑒𝑛  𝑥2𝐷2 − 3𝑥𝐷 + 4 𝑦 = (log 𝑥)2+cos(log 𝑥) 
 𝑃𝑢𝑡 𝑥 = 𝑒𝑧 => 𝑧 = log 𝑥 

𝑥𝐷 = 𝐷′, 𝑥2𝐷2 = 𝐷′ 𝐷′ − 1 𝑤𝑒𝑟𝑒 𝐷′ =
𝑑

𝑑𝑧
 

𝐷′ 𝐷′ − 1 − 3𝐷′ + 4 𝑦 = 𝑧 2 + cos 𝑧  

=> 𝐷′ 2 − 4𝐷′ + 4 𝑦 = 𝑧2 + cos 𝑧 
𝑎. 𝑒 𝑖𝑠 𝑚2 − 4𝑚 + 4 = 0 => 𝑚 = 2,2 

𝐶𝐹 = 𝐴𝑧 + 𝐵 𝑒2𝑧  

𝑃𝐼 = 𝑃𝐼1 + 𝑃𝐼2 

𝑃𝐼1 =
1

𝐷′ 2 − 4𝐷′ + 4
𝑧2 𝑡𝑦𝑝𝑒  𝐼𝑉  

=
1

4
1 +

𝐷′ 2 − 4𝐷′

4

−1

𝑧2 
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=
1

4
1 −

𝐷′ 2 − 4𝐷′

4
+

𝐷′ 2 − 4𝐷′

4

2

𝑧2 

=
1

4
1 −

𝐷′ 2

4
+ 𝐷′ + 𝐷′2 𝑧2 

𝐷′ 𝑧2 = 2𝑧, 𝐷′ 2 𝑧2 = 2  

𝑃𝐼1  =
1

4
𝑧2 +

3

2
+ 2𝑧   

𝑃𝐼2 =
1

𝐷′ 2 − 4𝐷′ + 4
cos 𝑧 𝑡𝑦𝑝𝑒 𝐼𝐼𝐼  

=
1

−1 − 4𝐷′ + 4
cos 𝑧 𝐷′ 2 → −1  

=
1

−4𝐷′ + 3
cos 𝑧 =

−4𝐷′ − 3

16 𝐷′ 2 − 9
cos 𝑧 
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 𝑃𝐼2 =
4 sin 𝑧 − 3 cos 𝑧

−25
  

∴  𝑆𝑜𝑙𝑛 𝑖𝑠 𝑦 = 𝐶𝐹 + 𝑃𝐼 

=> 𝑦 = 𝐴𝑧 + 𝐵 𝑒2𝑧 +
1

4
𝑧2 +

3

2
+ 2𝑧 −

4 sin 𝑧 − 3 cos 𝑧

25
  

𝒚 = 𝑨 𝐥𝐨𝐠𝒙 + 𝑩 𝒙𝟐 +
𝟏

𝟒
𝐥𝐨𝐠 𝒙 𝟐 +

𝟑

𝟐
+ 𝟐 𝐥𝐨𝐠 𝒙

−
𝟒 𝐬𝐢𝐧(𝐥𝐨𝐠 𝒙) − 𝟑 𝐜𝐨𝐬(𝐥𝐨𝐠𝒙)

𝟐𝟓
 

 

 

4. 𝑆𝑜𝑙𝑣𝑒 𝑥2𝐷2 − 𝑥𝐷 + 1 𝑦 =
log 𝑥

𝑥

2

+ 𝑥 sin(log 𝑥)  

Solution: 

 𝑔𝑖𝑣𝑒𝑛 𝑥2𝐷2 − 𝑥𝐷 + 1 𝑦 =
log 𝑥

𝑥

2
+ 𝑥 sin(log 𝑥) 

𝑃𝑢𝑡 𝑥 = 𝑒𝑧 => 𝑧 = log 𝑥 

𝑥𝐷 = 𝐷′, 𝑥2𝐷2 = 𝐷′ 𝐷′ − 1 𝑤𝑒𝑟𝑒 𝐷′ =
𝑑

𝑑𝑧
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𝐷′ 𝐷′ − 1 − 𝐷′ + 1 𝑦 =
𝑧

𝑒𝑧

2

+ 𝑒𝑧 sin 𝑧 

=> 𝐷′ 2 − 2𝐷′ + 1 𝑦 = 𝑒−2𝑧𝑧2 + 𝑒𝑧 sin 𝑧 
𝑎. 𝑒 𝑖𝑠 𝑚2 − 2𝑚 + 1 = 0 => 𝑚 = 1,1 

𝐶𝐹 = (𝐴𝑧 + 𝐵)𝑒𝑧   

𝑃𝐼 = 𝑃𝐼1 + 𝑃𝐼2 

𝑃𝐼1 =
1

𝐷′ 2 − 2𝐷′ + 1
𝑒−2𝑧𝑧2 𝑡𝑦𝑝𝑒  𝑉  

= 𝑒−2𝑧
1

𝐷′ − 2 2 − 2(𝐷′−2) + 1
𝑧2  

𝐷′ → 𝐷′ − 2  

= 𝑒−2𝑧
1

𝐷′ 2 − 6𝐷′ + 9
𝑧2(𝑡𝑦𝑝𝑒 𝐼𝑉) 

=
𝑒−2𝑧

9
1 +

𝐷′ 2 − 6𝐷′

9

−1

𝑧2 
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=
𝑒−2𝑧

9
1 −

𝐷′ 2 − 6𝐷′

9
+
36 𝐷′ 2

81
𝑧2 

= 
𝑒−2𝑧

9
𝑧2 −

2

9
+
2 2𝑧

3
+
36 2

81
 

=
𝑒−2𝑧

9
𝑧2 −

2

9
+
4𝑧

3
+
8

9
 

𝑃𝐼1 =
𝑒−2𝑧

9
𝑧2 +

4𝑧

3
+
6

9
 

𝑃𝐼2 =
1

𝐷′ 2 − 2𝐷′ + 1
𝑒𝑧 sin 𝑧 𝑡𝑦𝑝𝑒 𝑉  

= 𝑒𝑧
1

𝐷′ + 1 2 − 2(𝐷′+1) + 1
sin 𝑧  

𝐷′ → 𝐷′ + 1  

= 𝑒𝑧
1

𝐷′ 2
sin 𝑧 𝑡𝑦𝑝𝑒 𝐼𝐼𝐼  

= 𝑒𝑧
1

−1
sin 𝑧 𝐷′ 2 → −1  
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𝑃𝐼2 = −𝑒
𝑧 sin 𝑧  

∴  𝑆𝑜𝑙𝑛 𝑖𝑠 𝑦 = 𝐶𝐹 + 𝑃𝐼 

𝑦 = 𝐴𝑧 + 𝐵 𝑒𝑧 +
𝑒−2𝑧

9
𝑧2 +

4𝑧

3
+
6

9
− 𝑒𝑧 sin 𝑧 

𝒚 = 𝑨 𝐥𝐨𝐠𝒙 + 𝑩 𝒙 +
𝒙−𝟐

𝟗
𝐥𝐨𝐠𝒙 𝟐 +

𝟒 𝐥𝐨𝐠𝒙

𝟑
+
𝟔

𝟗

−𝒙 𝐬𝐢𝐧(𝐥𝐨𝐠𝒙) 

 

 

5. 𝑆𝑜𝑙𝑣𝑒 𝑥2𝐷2 + 𝑥𝐷 + 1 𝑦 = log 𝑥 sin log 𝑥  

Solution: 

𝐺𝑛 𝑥2𝐷2 + 𝑥𝐷 + 1 𝑦 = log 𝑥 sin log 𝑥  

𝑃𝑢𝑡 𝑥 = 𝑒𝑧 => 𝑧 = log 𝑥 

𝑥𝐷 = 𝐷′, 𝑥2𝐷2 = 𝐷′ 𝐷′ − 1 𝑤𝑒𝑟𝑒 𝐷′ =
𝑑

𝑑𝑧
 

𝐷′ 𝐷′ − 1 + 𝐷′ + 1 𝑦 = 𝑧 sin 𝑧 
=> 𝐷′ 2 + 1 𝑦 = 𝑧 sin 𝑧 
𝑎. 𝑒 𝑚2 + 1 = 0 => 𝑚 = ±𝑖 
𝐶𝐹 = 𝐴 cos 𝑧 + 𝐵 sin 𝑧 
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𝑃𝐼 =
1

𝐷′ 2 + 1
𝑧 sin 𝑧 𝑡𝑦𝑝𝑒 𝑉𝐼  

= 
1

𝐷′ 2 + 1
𝑧 𝐼𝑃 𝑒𝑖𝑧  

= 𝐼𝑃𝑒𝑖𝑧
1

𝐷′ + 𝑖 2 + 1
𝑧 𝐷′ → 𝐷′ + 𝑖  

= 𝐼𝑃𝑒𝑖𝑧
1

𝐷′ 2 + 2𝑖𝐷′ − 1 + 1
𝑧 

= 𝐼𝑃𝑒𝑖𝑧
1

𝐷′ 2 + 2𝑖𝐷′
𝑧 

= 𝐼𝑃𝑒𝑖𝑧
1

2𝑖𝐷′
1 +

𝐷′

2𝑖

−1

𝑧 

= 𝐼𝑃𝑒𝑖𝑧
1

2𝑖𝐷′
1 −

𝐷′

2𝑖
𝑧 
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= 𝐼𝑃𝑒𝑖𝑧
1

2𝑖𝐷′
𝑧 −

1

2𝑖
 

=  𝐼𝑃𝑒𝑖𝑧
1

2𝑖

𝑧2

2
−
𝑧

2𝑖
 

= 𝐼𝑃 cos 𝑧 + 𝑖 sin 𝑧
1

−4
𝑖𝑧2 − 𝑧  

𝑃𝐼 = −
1

4
,𝑧2 cos 𝑧 − 𝑧 sin 𝑧-   

∴ 𝑆𝑜𝑙𝑛 𝑖𝑠 𝑦 = 𝐶𝐹 + 𝑃𝐼 

𝑦 = 𝐴 cos 𝑧 + 𝐵 sin 𝑧 −
1

4
𝑧2 cos 𝑧 − 𝑧 sin 𝑧   

𝒚 = 𝑨𝒄𝒐𝒔(𝒍𝒐𝒈𝒙) + 𝑩𝒔𝒊𝒏(𝒍𝒐𝒈𝒙) −
𝟏

𝟒
,(𝒍𝒐𝒈𝒙)𝟐𝒄𝒐𝒔 𝒍𝒐𝒈𝒙

− 𝒍𝒐𝒈𝒙 𝒔𝒊𝒏(𝒍𝒐𝒈𝒙)- 
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 Legendre’s Differential Equation: 

𝐴𝑛  𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡𝑒 𝑓𝑜𝑟𝑚 

(𝑎𝑥 + 𝑏)𝑛
𝑑𝑛𝑦

𝑑𝑥𝑛
+ 𝑘1(𝑎𝑥 + 𝑏)

𝑛−1
𝑑 𝑛−1 𝑦

𝑑𝑥 𝑛−1
+⋯+ 𝑘𝑛−1(𝑎𝑥 + 𝑏)

𝑑𝑦

𝑑𝑥
+ 𝑘𝑛𝑦 = 𝑏    → (1) 

  𝑤𝑒𝑟𝑒 𝑘1, 𝑘2, … , 𝑘𝑛 𝑎𝑟𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑠 & 𝑏 𝑖𝑠 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓  
 𝑥 𝑜𝑟 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝐿𝑒𝑔𝑒𝑛𝑑𝑟𝑒′𝑠 𝑙𝑖𝑛𝑒𝑎𝑟 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛. 
 1  𝑐𝑎𝑛 𝑏𝑒 𝑟𝑒𝑑𝑢𝑐𝑒𝑑 𝑡𝑜 𝑙𝑖𝑛𝑒𝑎𝑟 𝑑. 𝑒 𝑤𝑖𝑡 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡  
 𝑐𝑜 𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑏𝑦 𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 

𝑎𝑥 + 𝑏 = 𝑒𝑧 => 𝑧 = log(𝑎𝑥 + 𝑏) 

𝑎𝑥 + 𝑏
𝑑𝑦

𝑑𝑥
= 𝑎𝐷′𝑦 𝑤𝑒𝑟𝑒 𝐷′ =

𝑑

𝑑𝑧
 

(𝑎𝑥 + 𝑏)2
𝑑2𝑦

𝑑𝑥2
= 𝑎2𝐷′ 𝐷′ − 1 𝑦 

𝑎𝑥 + 𝑏 3
𝑑3𝑦

𝑑𝑥3
= 𝑎3𝐷′ 𝐷′ − 1 𝐷′ − 2 𝑦  

 & 𝑠𝑜 𝑜𝑛. 
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Problems: 

1. 𝑆𝑜𝑙𝑣𝑒 𝑥 + 2 2𝐷2 − 𝑥 + 2 𝐷 + 1 𝑦 = 3𝑥 + 4 

Solution: 

𝑔𝑛, 𝑥 + 2 2𝐷2 − 𝑥 + 2 𝐷 + 1 𝑦 = 3𝑥 + 4 

𝑆𝑢𝑏 𝑥 + 2 = 𝑒𝑧 => 𝑥 = 𝑒𝑧 − 2 

𝑧 = log 𝑥 + 2  

𝑥 + 2 𝐷 = 𝐷′, 𝑥 + 2 2𝐷2 = 𝐷′ 𝐷′ − 1 𝑤𝑒𝑟𝑒 𝐷′ =
𝑑

𝑑𝑧
 

=> 𝐷′ 𝐷′ − 1 − 𝐷′ + 1 𝑦 = 3 𝑒𝑧 − 2 + 4 

=> (𝐷′)2 − 2𝐷′ + 1 𝑦 = 3𝑒𝑧 − 2𝑒0 
𝑎. 𝑒 𝑖𝑠 𝑚2 − 2𝑚 + 1 = 0 => 𝑚 = 1,1 

𝐶𝐹 = 𝐴𝑧 + 𝐵 𝑒𝑧  

𝑃𝐼 = 𝑃𝐼1 + 𝑃𝐼2 

𝑃𝐼1 =
1

𝐷′ 2 − 2𝐷′ + 1
3𝑒𝑧 𝑡𝑦𝑝𝑒 𝐼𝐼  
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=
1

1 − 2 + 1
3𝑒𝑧 𝐷′ → 1  

∴ 𝑃𝐼1 = 
𝑧

2𝐷′ − 2
3𝑒𝑧 =

𝑧

2 − 2
3𝑒𝑧 𝐷′ → 1  

∴ 𝑃𝐼1 =
𝑧2

2
3𝑒𝑧  

𝑃𝐼2 =
1

𝐷′ 2 − 2𝐷′ + 1
−2 𝑒0 𝑡𝑦𝑝𝑒 𝐼𝐼  

=
1

0 − 0 + 1
−2 𝑒0 

𝑃𝐼2 = −2   

∴ 𝑆𝑜𝑙𝑛 𝑖𝑠 𝑦 = 𝐶𝐹 + 𝑃𝐼 

𝑦 = 𝐴𝑧 + 𝐵 𝑒𝑧 +
𝑧2

2
3𝑒𝑧 − 2  

𝒚 = 𝑨 𝐥𝐨𝐠 𝒙 + 𝟐 + 𝑩 𝒙 + 𝟐 +
𝟑

𝟐
𝐥𝐨𝐠 𝒙 + 𝟐 𝟐 𝒙 + 𝟐 − 𝟐
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2. 𝑆𝑜𝑙𝑣𝑒 3𝑥 + 2 2𝐷2 + 3 3𝑥 + 2 𝐷 − 36 𝑦 = 3𝑥2 + 4𝑥 + 1  
Solution: 

𝑔𝑛  3𝑥 + 2 2𝐷2 + 3 3𝑥 + 2 𝐷 − 36 𝑦 = 3𝑥2 + 4𝑥 + 1 

𝑃𝑢𝑡 3𝑥 + 2 = 𝑒𝑧 => 𝑥 =
𝑒𝑧 − 2

3
 

𝑧 = log 3𝑥 + 2  

3𝑥 + 2 𝐷 = 3𝐷′, 3𝑥 + 2 2𝐷2 = 9𝐷′ 𝐷′ − 1 𝑤𝑒𝑟𝑒 𝐷′ =
𝑑

𝑑𝑧
 

=> 9𝐷′ 𝐷′ − 1 + 9𝐷′ − 36 𝑦 = 3
𝑒𝑧 − 2 2

9
+ 4

𝑒𝑧 − 2

3
+ 1 

9 𝐷′ 2 − 9𝐷′ + 9𝐷′ − 36 𝑦

=
1

3
𝑒2𝑧 −  4𝑒𝑧 + 4 +

4

3
𝑒𝑧 − 2 + 1 

9 𝐷′ 2 − 36 𝑦 =
𝑒2𝑧

3
−
1

3
 

𝑎. 𝑒 𝑖𝑠 9𝑚2 − 36 = 0 => 𝑚 = ±2 

𝐶𝐹 = 𝐴𝑒2𝑧 + 𝐵𝑒−2𝑧  

𝑃𝐼 = 𝑃𝐼1 + 𝑃𝐼2 
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𝑃𝐼1 =
1

9 𝐷′ 2 − 36

𝑒2𝑧

3
 𝑡𝑦𝑝𝑒 𝐼𝐼  

= 
1

3

1

36 − 36
𝑒2𝑧 𝐷′ → 2  

∴ 𝑃𝐼1 =
1

3

𝑧

18𝐷′
𝑒2𝑧 =

1

3

𝑧

36
𝑒2𝑧 𝐷′ → 2  

∴ 𝑃𝐼1 =
1

108
𝑧𝑒2𝑧  

∴ 𝑃𝐼2 =
1

9 𝐷′ 2 − 36
−
𝑒0

3
𝑡𝑦𝑝𝑒 𝐼𝐼  

= −
1

3

1

0 − 36
𝑒0 =

1

108
  

∴ 𝑃𝐼2 =
1

108
 

 ∴ 𝑆𝑜𝑙𝑛 𝑖𝑠 𝑦 = 𝐶𝐹 + 𝑃𝐼 
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𝑦 = 𝐴𝑒2𝑧 + 𝐵𝑒−2𝑧 +
1

108
𝑧𝑒2𝑧 +

1

108
 

𝒚 = 𝑨 𝟑𝒙 + 𝟐 𝟐 + 𝑩 𝟑𝒙 + 𝟐 −𝟐 +
𝟏

𝟏𝟎𝟖
𝐥𝐨𝐠(𝟑𝒙 + 𝟐) 𝟑𝒙 + 𝟐 𝟐 +

𝟏

𝟏𝟎𝟖
 
 

 

3. 𝑆𝑜𝑙𝑣𝑒  𝑥 + 1 2𝐷2 + 𝑥 + 1 𝐷 + 1 𝑦 = 4 cos log 𝑥 + 1   
Solution: 

𝐺𝑛, 𝑥 + 1 2𝐷2 + 𝑥 + 1 𝐷 + 1 𝑦 = 4 cos log 𝑥 + 1  

𝑆𝑢𝑏 𝑥 + 1 = 𝑒𝑧 => 𝑥 = 𝑒𝑧 − 1 

𝑧 = log 𝑥 + 1  

𝑥 + 1 𝐷 = 𝐷′, 𝑥 + 1 2𝐷2 = 𝐷′ 𝐷′ − 1 𝑤𝑒𝑟𝑒 𝐷′ =
𝑑

𝑑𝑧
 

=> 𝐷′ 𝐷′ − 1 + 𝐷′ + 1 𝑦 = 4 cos 𝑧  
𝐷′ 2 + 1 𝑦 = 4 cos 𝑧 

𝑎. 𝑒 𝑖𝑠 𝑚2 + 1 = 0 => 𝑚 = ±𝑖 

𝐶𝐹 = 𝐴 cos 𝑧 + 𝐵 sin 𝑧  
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𝑃𝐼 =
1

𝐷′ 2 + 1
4 cos 𝑧 𝑡𝑦𝑝𝑒 𝐼𝐼𝐼  

= 
1

−1 + 1
4 cos 𝑧 𝐷′ 2 → −1  

∴ 𝑃𝐼 =
𝑧

2𝐷′
4 cos 𝑧 

= 2𝑧 cos 𝑧 𝑑𝑧 

𝑃𝐼 = 2𝑧 sin 𝑧   
∴ 𝑆𝑜𝑙𝑛 𝑖𝑠 𝑦 = 𝐶𝐹 + 𝑃𝐼 

𝑦 = 𝐴 cos 𝑧 + 𝐵 sin 𝑧 + 2𝑧 sin 𝑧 

𝒚 = 𝑨𝐜𝐨𝐬 𝐥𝐨𝐠 𝒙 + 𝟏 + 𝑩𝐬𝐢𝐧 𝐥𝐨𝐠 𝒙 + 𝟏 +

𝟐 𝐥𝐨𝐠 𝒙 + 𝟏 𝐬𝐢𝐧 𝐥𝐨𝐠 𝒙 + 𝟏    
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Simultaneous first order linear equations with 

constant co efficient: 

𝐼𝑓  𝑥 & 𝑦 𝑎𝑟𝑒 2 𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠 & 𝑡 𝑖𝑠 
𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒, 𝑡𝑒𝑛 𝑡𝑒 𝑝𝑎𝑖𝑟 𝑜𝑓𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 

 𝑜𝑓 𝑡𝑒 𝑓𝑜𝑟𝑚 

𝑓1 𝐷 𝑥 + 𝑓2 𝐷 𝑦 = 𝑇1  → (1) 
𝑔1 𝐷 𝑥 + 𝑔2 𝐷 𝑦 = 𝑇2 → (2) 

𝑤𝑒𝑟𝑒 𝑓1, 𝑓2, 𝑔1, 𝑔2 𝑎𝑟𝑒 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙𝑠 𝑖𝑛 𝑡𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟  

𝐷 =
𝑑

𝑑𝑡
 & 𝑇1 & 𝑇2 𝑎𝑟𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑡 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑  

 𝑠𝑖𝑚𝑢𝑙𝑡𝑎𝑛𝑒𝑜𝑢𝑠 𝑑. 𝑒. 
𝑇𝑜 𝑠𝑜𝑙𝑣𝑒 1  𝑎𝑛𝑑 2 ,𝑤𝑒 𝑝𝑟𝑜𝑐𝑒𝑒𝑑 𝑎𝑠 𝑖𝑛 𝑠𝑜𝑙𝑣𝑖𝑛𝑔 

 𝑠𝑖𝑚𝑢𝑙𝑡𝑎𝑛𝑒𝑜𝑢𝑠 𝑎𝑙𝑔𝑒𝑏𝑟𝑖𝑐 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠. 
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Problems: 

1. 𝑆𝑜𝑙𝑣𝑒 𝑡𝑒 𝑠𝑖𝑚𝑢𝑙𝑡𝑎𝑛𝑒𝑜𝑢𝑠 𝑒𝑞𝑛′𝑠 

 
𝑑𝑥

𝑑𝑡
+  2𝑥 + 3𝑦 = 2𝑒2𝑡 

 
𝑑𝑦

𝑑𝑡
+ 3𝑥 + 2𝑦 = 0  

 Solution: 

 𝐺𝑛, 
𝑑𝑥

𝑑𝑡
+ 2𝑥 + 3𝑦 = 2𝑒2𝑡 => 𝐷𝑥 + 2𝑥 + 3𝑦 = 2𝑒2𝑡 

=> 𝐷 + 2 𝑥 + 3𝑦 = 2𝑒2𝑡  → (1) 

 
𝑑𝑦

𝑑𝑡
+ 3𝑥 + 2𝑦 = 0 => 𝐷𝑦 + 3𝑥 + 2𝑦 = 0 

=> 3𝑥 + 𝐷 + 2 𝑦 = 0 → (2)  
 𝑠𝑜𝑙𝑣𝑒 1  & 2  

 1 × 𝐷 + 2 => 𝐷 + 2 2𝑥 + 3 𝐷 + 2 𝑦 = 2 𝐷 + 2 𝑒2𝑡 → 3  

 2 × 3 => 9𝑥 + 3 𝐷 + 2 𝑦 = 0 → 4  

3 − 4 => 𝐷 + 2 2𝑥 − 9𝑥 = 2 𝐷 + 2 𝑒2𝑡 
=> 𝐷2 + 4𝐷 + 4 − 9 𝑥 = 2 2𝑒2𝑡 + 2𝑒2𝑡  
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=> 𝐷2 + 4𝐷 − 5 𝑥 = 8𝑒2𝑡 
𝑎. 𝑒  𝑖𝑠 𝑚2 + 4𝑚 − 5 = 0 => 𝑚 = −5,1 

𝐶𝐹 = 𝐴𝑒−5𝑡 + 𝐵𝑒𝑡  

𝑃𝐼 =
1

𝐷2 + 4𝐷 − 5
8𝑒2𝑡 (𝑡𝑦𝑝𝑒 𝐼𝐼) 

=
1

4 + 8 − 5
8𝑒2𝑡 𝐷 → 2  

𝑃𝐼 =
8

7
𝑒2𝑡  

 ∴ 𝑆𝑜𝑙𝑛 𝑖𝑠 𝑥 = 𝐶𝐹 + 𝑃𝐼 

=> 𝑥 = 𝐴𝑒−5𝑡 + 𝐵𝑒𝑡 +
8

7
𝑒2𝑡  → 5  

 𝐷𝑖𝑓𝑓 5  𝑤. 𝑟. 𝑡. 𝑡 
𝑑𝑥

𝑑𝑡
= −5𝐴𝑒−5𝑡 + 𝐵𝑒𝑡 +

16

7
𝑒2𝑡 → 6  

 𝑆𝑢𝑏 5  & 6  𝑖𝑛 1  𝑤𝑒 𝑔𝑒𝑡, 

1 =>
𝑑𝑥

𝑑𝑡
+ 2𝑥 + 3𝑦 = 2𝑒2𝑡 
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−5𝐴𝑒−5𝑡 + 𝐵𝑒𝑡 +
16

7
𝑒2𝑡 + 2 𝐴𝑒−5𝑡 + 𝐵𝑒𝑡 +

8

7
𝑒2𝑡 + 3𝑦 = 2𝑒2𝑡 

− 5𝐴𝑒−5𝑡 + 𝐵𝑒𝑡 +
16

7
𝑒2𝑡 + 2𝐴𝑒−5𝑡 + 2𝐵𝑒𝑡 +

16

7
𝑒2𝑡 + 3𝑦 = 2𝑒2𝑡 

−3𝐴𝑒−5𝑡 + 3𝐵𝑒𝑡 +
32

7
𝑒2𝑡 + 3𝑦 = 2𝑒2𝑡 

3𝑦 = 2𝑒2𝑡 + 3𝐴𝑒−5𝑡 − 3𝐵𝑒𝑡 −
32

7
𝑒2𝑡 

𝑦 = 𝐴𝑒−5𝑡 − 𝐵𝑒𝑡 −
6

7
𝑒2𝑡  

𝐻𝑒𝑛𝑐𝑒 𝑡𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑎𝑟𝑒   

𝒙 = 𝑨𝒆−𝟓𝒕 + 𝑩𝒆𝒕 +
𝟖

𝟕
𝒆𝟐𝒕, 𝒚 = 𝑨𝒆−𝟓𝒕 −𝑩𝒆𝒕 −

𝟔

𝟕
𝒆𝟐𝒕  
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2. 𝑆𝑜𝑙𝑣𝑒 
𝑑𝑥

𝑑𝑡
+ 2𝑥 − 3𝑦 = 5𝑡,

𝑑𝑦

𝑑𝑡
− 3𝑥 + 2𝑦 = 0  

𝑔𝑖𝑣𝑒𝑛  𝑡𝑎𝑡 𝑥 0 = 0 & 𝑦 0 = −1. 
Solution: 

𝐺𝑛,
𝑑𝑥

𝑑𝑡
+ 2𝑥 − 3𝑦 = 5𝑡 => 𝐷 + 2 𝑥 − 3𝑦 = 5𝑡 

→ (1)  
𝑑𝑦

𝑑𝑡
− 3𝑥 + 2𝑦 = 0 => −3𝑥 + 𝐷 + 2 𝑦 = 0 

→ (2) 
1 × 𝐷 + 2 => 

𝐷 + 2 2𝑥 − 3 𝐷 + 2 𝑦 = 5 𝐷 + 2 𝑡  → 3  

2 × −3 => 9𝑥 − 3 𝐷 + 2 𝑦 = 0  → 4  

3 − 4 => 𝐷 + 2 2𝑥 − 9𝑥 = 5 𝐷 + 2 𝑡 
=> 𝐷2 + 4𝐷 − 5 𝑥 = 5 1 + 2𝑡  

 𝑎. 𝑒 𝑖𝑠 𝑚2 + 4𝑚 − 5 = 0 => 𝑚 = −5,1 

𝐶𝐹 = 𝐴𝑒−5𝑡 + 𝐵𝑒𝑡  
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𝑃𝐼 =
1

𝐷2 + 4𝐷 − 5
5 1 + 2𝑡  

=  −
5

5

1

1 −
𝐷2 + 4𝐷
5

1 + 2𝑡  

= − 1 −
𝐷2 + 4𝐷

5

−1

1 + 2𝑡  

= − 1 +
𝐷2 + 4𝐷

5
+⋯ 1 + 2𝑡  

= − 1 + 2𝑡 +
4

5
2 𝐷 1 + 2𝑡 = 2  

𝑃𝐼 = − 2𝑡 +
13

5
 

∴ 𝑆𝑜𝑙𝑛 𝑖𝑠 𝑥 = 𝐶𝐹 + 𝑃𝐼 

=> 𝑥 = 𝐴𝑒−5𝑡 + 𝐵𝑒𝑡 − 2𝑡 +
13

5
 → 5  
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𝐷𝑖𝑓𝑓 4  𝑤. 𝑟. 𝑡. 𝑡 
𝑑𝑥

𝑑𝑡
 = −5𝐴𝑒−5𝑡 + 𝐵𝑒𝑡 − 2 → 6  

𝑆𝑢𝑏 5  & 6  𝑖𝑛 1  𝑤𝑒 𝑔𝑒𝑡, 

1 =>
𝑑𝑥

𝑑𝑡
+ 2𝑥 − 3𝑦 = 5𝑡 

−5𝐴𝑒−5𝑡 + 𝐵𝑒𝑡 − 2 + 2 𝐴𝑒−5𝑡 + 𝐵𝑒𝑡 − 2𝑡 +
13

5
− 3𝑦 = 5𝑡 

−5𝐴𝑒−5𝑡 + 𝐵𝑒𝑡 − 2 + 2𝐴𝑒−5𝑡 + 2𝐵𝑒𝑡 − 2 2𝑡 +
13

5
− 3𝑦 = 5𝑡 

−3𝑦 = 5𝑡 + 3𝐴𝑒−5𝑡 − 3𝐵𝑒𝑡 + 4𝑡 +
36

5
 

𝑦 = −𝐴𝑒−5𝑡 + 𝐵𝑒𝑡 − 3𝑡 −
12

5
 → 7  

𝑔𝑖𝑣𝑒𝑛 𝑡𝑎𝑡 𝑥 0 = 0 & 𝑦 0 = −1 

∴ 𝑥 0 = 𝐴𝑒−5 0 + 𝐵𝑒0 − 0 +
13

5
= 0 

=> 𝐴 + 𝐵 =
13

5
   → 8  
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&𝑦(0) = −𝐴𝑒0 + 𝐵𝑒0 + 0 −
12

5
= −1 

=> −𝐴 + 𝐵 =
7

5
   → 9  

 

8 + 9 => 2𝐵 =
13

5
+
7

5
=> 2𝐵 = 4 

=> 𝐵 = 2  

𝑆𝑢𝑏 𝐵 = 2 𝑖𝑛 8 𝑤𝑒 𝑔𝑒𝑡 

𝐴 =
13

5
− 2 => 𝐴 =

3

5
 

∴ 𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 

𝒙 =
𝟑

𝟓
𝒆−𝟓𝒕 + 𝟐𝒆𝒕 − 𝟐𝒕 +

𝟏𝟑

𝟓
,

𝒚 = −
𝟑

𝟓
𝒆−𝟓𝒕 + 𝟐𝒆𝒕 − 𝟑𝒕 −

𝟏𝟐

𝟓
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3. 𝑆𝑜𝑙𝑣𝑒 𝐷𝑥 + 𝑦 = sin 𝑡  , 𝑥 + 𝐷𝑦 = cos 𝑡 
 𝑔𝑛 𝑡𝑎𝑡  𝑥 = 2 & 𝑦 = 0 𝑎𝑡 𝑡 = 0  
Solution: 

𝐺𝑖𝑣𝑒𝑛, 𝐷𝑥 + 𝑦 = sin 𝑡   → 1  

& 𝑥 + 𝐷𝑦 = cos 𝑡  → 2  

1 × 𝐷 => 𝐷2𝑥 + 𝐷𝑦 = 𝐷 sin 𝑡  → 3  

2 × 1 => 𝑥 + 𝐷𝑦 = cos 𝑡    → 4  

3 − 4 => 𝐷2𝑥 − 𝑥 = cos 𝑡 − cos 𝑡 
=> 𝐷2 − 1 𝑥 = 0 

𝑎. 𝑒 𝑖𝑠 𝑚2 − 1 = 0 => 𝑚 = ±1 

𝐶𝐹 = 𝐴𝑒𝑡 + 𝐵𝑒−𝑡 
 𝑠𝑖𝑛𝑐𝑒 𝑅𝐻𝑆 = 0 => 𝑃𝐼 = 0 

∴ 𝑠𝑜𝑙𝑛 𝑖𝑠 𝑥 = 𝐶𝐹 => 𝑥 = 𝐴𝑒𝑡 + 𝐵𝑒−𝑡   → (5) 
 𝐷𝑖𝑓𝑓 5  𝑤. 𝑟. 𝑡. 𝑡  

𝑑𝑥

𝑑𝑡
= 𝐴𝑒𝑡 − 𝐵𝑒−𝑡  → 6  

 𝑆𝑢𝑏  6  𝑖𝑛 1  

𝐴𝑒𝑡 − 𝐵𝑒−𝑡 + 𝑦 = sin 𝑡 



75 

∴ 𝑦 = −𝐴𝑒𝑡 + 𝐵𝑒−𝑡 + sin 𝑡  → 7  

 𝑔𝑛 𝑡𝑎𝑡  𝑥 = 2 & 𝑦 = 0 𝑎𝑡 𝑡 = 0  
𝑥 0 = 𝐴𝑒0 + 𝐵𝑒0 = 2 => 𝐴 + 𝐵 = 2 → 8  

𝑦 0 = −𝐴𝑒0 + 𝐵𝑒0 + sin 0 = 0 

=> −𝐴 + 𝐵 = 0  → 9  

8 + 9 => 2𝐵 = 2 => 𝐵 = 1  

 𝑆𝑢𝑏 𝐵 = 1 𝑖𝑛 8 => 𝐴 = 1  

∴ 𝑠𝑜𝑙𝑛 𝑎𝑟𝑒 𝒙 = 𝒆𝒕 + 𝒆−𝒕, 𝒚 = −𝒆𝒕 + 𝒆−𝒕 + 𝐬𝐢𝐧 𝒕    

 

4. 𝑆𝑜𝑙𝑣𝑒 𝐷𝑥 + 2𝑥 − 3𝑦 = 𝑡, 𝐷𝑦 − 3𝑥 + 2𝑦 = 𝑒2𝑡   
Solution: 

𝐺𝑛, 𝐷 + 2 𝑥 − 3𝑦 = 𝑡 → 1  

−3𝑥 + 𝐷 + 2 𝑦 = 𝑒2𝑡   → 2  

 1 × 𝐷 + 2 => 𝐷 + 2 2𝑥 − 3 𝐷 + 2 𝑦 = 𝐷 + 2 𝑡 → 3  

2 × 3 => −9𝑥 + 3 𝐷 + 2 𝑦 = 3𝑒2𝑡  → 4  

 3 + 4 => 𝐷 + 2 2𝑥 − 9𝑥 = 𝐷 + 2 𝑡 + 3𝑒2𝑡 
𝐷2 + 4𝐷 − 5 𝑥 = 1 + 2𝑡 + 3𝑒2𝑡 



76 

 𝑎. 𝑒 𝑖𝑠 𝑚2 + 4𝑚 − 5 = 0 => 𝑚 = −5,1 

𝐶𝐹 = 𝐴𝑒−5𝑡 + 𝐵𝑒𝑡  

𝑃𝐼1  =
1

𝐷2 + 4𝐷 − 5
1 + 2𝑡  

= −
1

5

1

1 −
𝐷2 + 4𝐷
5

1 + 2𝑡  

= −
1

5
1 −

𝐷2 + 4𝐷

5

−1

1 + 2𝑡  

= −
1

5
1 +

𝐷2 + 4𝐷

5
+⋯ 1 + 2𝑡  

= −
1

5
1 + 2𝑡 +

4

5
2 𝐷 1 + 2𝑡 = 2  

𝑃𝐼 = −
1

5
2𝑡 +

13

5
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𝑃𝐼2 =
1

𝐷2 + 4𝐷 − 5
3𝑒2𝑡 

=  3
1

4 + 8 − 5
𝑒2𝑡 

𝑃𝐼2 =
3

7
𝑒2𝑡  

∴ 𝑠𝑜𝑙𝑛 𝑖𝑠 𝑥 = 𝐶𝐹 + 𝑃𝐼 

𝑥 = 𝐴𝑒−5𝑡 + 𝐵𝑒𝑡 −
1

5
2𝑡 +

13

5
+
3

7
𝑒2𝑡  → 5  

 𝐷𝑖𝑓𝑓 5 𝑤. 𝑟. 𝑡 𝑡 
𝑑𝑥

𝑑𝑡
= −5𝐴𝑒−5𝑡 + 𝐵𝑒𝑡 −

2

5
+
6

7
𝑒2𝑡 → 6  

 𝑆𝑢𝑏 5  & 6  𝑖𝑛 1  𝑤𝑒 𝑔𝑒𝑡, 

1 =>
𝑑𝑥

𝑑𝑡
+ 2𝑥 − 3𝑦 = 𝑡 

−5𝐴𝑒−5𝑡 + 𝐵𝑒𝑡 −
2

5
+
6

7
𝑒2𝑡 + 2𝐴𝑒−5𝑡 + 2𝐵𝑒𝑡 −

2

5
2𝑡 +

13

5

+
6

7
𝑒2𝑡 − 3𝑦 = 𝑡 
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−3𝐴𝑒−5𝑡 + 3𝐵𝑒𝑡 −
4

5
𝑡 +
12

7
𝑒2𝑡 −

36

25
− 3𝑦 = 𝑡 

−3𝑦 = 𝑡 + 3𝐴𝑒−5𝑡 − 3𝐵𝑒𝑡 +
4

5
𝑡 −
12

7
𝑒2𝑡 +

36

25
 

−3𝑦 = 3𝐴𝑒−5𝑡 − 3𝐵𝑒𝑡 +
9

5
𝑡 −
12

7
𝑒2𝑡 +

36

25
 

𝑦 = −𝐴𝑒−5𝑡 + 𝐵𝑒𝑡 −
3

5
𝑡 +
4

7
𝑒2𝑡 −

12

25
 

𝐻𝑒𝑛𝑐𝑒 𝑡𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑖𝑠 

  
𝒙 = 𝑨𝒆−𝟓𝒕 +𝑩𝒆𝒕 −

𝟏

𝟓
𝟐𝒕 +

𝟏𝟑

𝟓
+
𝟑

𝟕
𝒆𝟐𝒕,

𝒚 = −𝑨𝒆−𝟓𝒕 +𝑩𝒆𝒕 −
𝟑

𝟓
𝒕 +
𝟒

𝟕
𝒆𝟐𝒕 −

𝟏𝟐

𝟐𝟓
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Method of variation of parameter: 

𝐿𝑒𝑡  𝑢𝑠 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡𝑒 𝑠𝑒𝑐𝑜𝑛𝑑 𝑜𝑟𝑑𝑒𝑟 𝑑. 𝑒 
𝑑2𝑦

𝑑𝑥2
+ 𝑎

𝑑𝑦

𝑑𝑥
+ 𝑏𝑦 = 𝑋 → 1  

 𝑇𝑒 𝐶𝐹 𝑜𝑓 1  𝑖𝑠 𝐶𝐹 = 𝐴𝑓1 + 𝐵𝑓2 
𝐿𝑒𝑡 𝑊 = 𝑓1𝑓2

′ − 𝑓2𝑓1
′ 𝑏𝑒 𝑡𝑒 𝑊𝑟𝑜𝑛𝑠𝑘𝑖𝑎𝑛 𝑜𝑓 𝑡𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛.  
𝑇𝑒𝑛 𝑃𝐼 = 𝑃𝑓1 + 𝑄𝑓2 

𝑤𝑒𝑟𝑒 𝑃 = − 
𝑓2𝑋

𝑊
𝑑𝑥 & 𝑄 =  

𝑓1𝑋

𝑊
𝑑𝑥 

∴ 𝑦 = 𝐶𝐹 + 𝑃𝐼 
Note: 

 1.  tan 𝑎𝑥 𝑑𝑥 = −
1

𝑎
log cos 𝑎𝑥 

 2.  cot 𝑎𝑥 𝑑𝑥 =
1

𝑎
log sin 𝑎𝑥 

 3.  sec 𝑎𝑥 𝑑𝑥 =
1

𝑎
log sec 𝑎𝑥 + tan 𝑎𝑥  

 4.  cosec 𝑎𝑥  𝑑𝑥 = −
1

𝑎
log cosec 𝑎𝑥 + cot 𝑎𝑥   
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Problems: 

1. 𝑆𝑜𝑙𝑣𝑒 𝐷2 + 4 𝑦 = cot 2𝑥  𝑢𝑠𝑖𝑛𝑔 𝑚𝑒𝑡𝑜𝑑 𝑜𝑓  
 𝑣𝑎𝑟𝑖𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟. 
Solution: 

𝐺𝑛, 𝐷2 + 4 𝑦 = cot 2𝑥 

𝑇𝑒 𝑎. 𝑒 𝑖𝑠 𝑚2 + 4 = 0 => 𝑚 = ±2𝑖 

∴ 𝐶𝐹 = 𝐴 cos 2𝑥 + 𝐵 sin 2𝑥   (𝐴𝑓1 + 𝐵𝑓2) 
𝐻𝑒𝑟𝑒 𝑓1 = cos 2𝑥 => 𝑓1

′ = −2sin 2𝑥 

𝑓2 = sin 2𝑥 => 𝑓2
′ = 2 cos 2𝑥 

 𝑊 = 𝑓1𝑓2
′ − 𝑓2𝑓1

′ = cos 2𝑥 2 cos 2𝑥 − sin 2𝑥 −2 sin 2𝑥  

= 2𝑐𝑜𝑠22𝑥 + 2𝑠𝑖𝑛22𝑥 = 2 

𝐻𝑒𝑟𝑒 𝑋 = cot 2𝑥  
𝑇𝑒𝑛 𝑃𝐼 = 𝑃𝑓1 + 𝑄𝑓2 

𝑤𝑒𝑟𝑒 𝑃 = − 
𝑓2𝑋

𝑊
𝑑𝑥 = − 

sin 2𝑥 cot 2𝑥

2
𝑑𝑥 
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= −
1

2
 sin 2𝑥

cos 2𝑥

sin 2𝑥
𝑑𝑥  

= −
1

2
 cos 2𝑥  𝑑𝑥 

𝑃 = −
sin 2𝑥

4
  

𝑄 =  
𝑓1𝑋

𝑊
𝑑𝑥 =  

cos 2𝑥 cot 2𝑥

2
𝑑𝑥 

=
1

2
 
cos2 2𝑥

sin 2𝑥
𝑑𝑥 

=
1

2
 
1 − sin2 2𝑥

sin 2𝑥
𝑑𝑥 

=
1

2
 cosec 2𝑥 𝑑𝑥 −  sin 2𝑥 𝑑𝑥  
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=
1

2
−
1

2
log cosec 2𝑥 + cot 2𝑥 +

1

2
cos 2𝑥  

𝑄 = −
1

4
log cosec 2𝑥 + cot 2𝑥 +

1

4
cos 2𝑥  

 

∴ 𝑃𝐼 = 𝑃𝑓1 + 𝑄𝑓2 

= −
sin 2𝑥

4
cos 2𝑥

+ −
1

4
log cosec 2𝑥 + cot 2𝑥 +

1

4
cos 2𝑥 sin 2𝑥 

𝑃𝐼 = −
sin 2𝑥

4
log cosec 2𝑥 + cot 2𝑥  

∴ 𝑠𝑜𝑙𝑛 𝑖𝑠 𝑦 = 𝐶𝐹 + 𝑃𝐼 

𝒚 = 𝑨𝐜𝐨𝐬𝟐𝒙 + 𝑩𝐬𝐢𝐧𝟐𝒙 −
𝐬𝐢𝐧𝟐𝒙

𝟒
𝐥𝐨𝐠 cosec 𝟐𝒙 + 𝐜𝐨𝐭 𝟐𝒙
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2. 𝑆𝑜𝑙𝑣𝑒 𝐷2 + 𝑎2 𝑦 = sec 𝑎𝑥  
Solution: 

𝐺𝑛, 𝐷2 + 𝑎2 𝑦 = sec 𝑎𝑥 

𝑇𝑒 𝑎. 𝑒 𝑖𝑠 𝑚2 + 𝑎2 = 0 => 𝑚 = ±𝑎𝑖 

∴ 𝐶𝐹 = 𝐴 cos 𝑎𝑥 + 𝐵 sin 𝑎𝑥   (𝐴𝑓1 + 𝐵𝑓2) 
𝐻𝑒𝑟𝑒 𝑓1 = cos 𝑎𝑥 => 𝑓1

′ = −𝑎 sin 𝑎𝑥 

𝑓2 = sin 𝑎𝑥 => 𝑓2
′ = 𝑎 cos 𝑎𝑥 

 𝑊 = 𝑓1𝑓2
′ − 𝑓2𝑓1

′ = 𝑎 𝑐𝑜𝑠2𝑎𝑥 + 𝑎 𝑠𝑖𝑛2𝑎𝑥 = 𝑎 

 𝐻𝑒𝑟𝑒 𝑋 = sec 𝑎𝑥  
 𝑇𝑒𝑛 𝑃𝐼 = 𝑃𝑓1 + 𝑄𝑓2 

𝑤𝑒𝑟𝑒 𝑃 = − 
𝑓2𝑋

𝑊
𝑑𝑥 = − 

sin 𝑎𝑥 sec 𝑎𝑥

𝑎
𝑑𝑥 

= −
1

𝑎
 tan 𝑎𝑥  𝑑𝑥 

= −
1

𝑎
−
1

𝑎
log(cos 𝑎𝑥)  
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𝑃 =
1

𝑎2
log(cos 𝑎𝑥)   

𝑄 =  
𝑓1𝑋

𝑊
𝑑𝑥 =  

cos 𝑎𝑥 sec 𝑎𝑥

𝑎
𝑑𝑥 

=
1

𝑎
 𝑑𝑥 =

𝑥

𝑎
 

𝑄 =
𝑥

𝑎
  

 ∴ 𝑃𝐼 = 𝑃𝑓1 + 𝑄𝑓2 =
1

𝑎2
log cos 𝑎𝑥 cos 𝑎𝑥 +

𝑥

𝑎
sin 𝑎𝑥 

 ∴ 𝑠𝑜𝑙𝑛 𝑖𝑠 𝑦 = 𝐶𝐹 + 𝑃𝐼 

𝒚 = 𝑨𝐜𝐨𝐬𝒂𝒙 + 𝑩𝐬𝐢𝐧𝒂𝒙 +
𝟏

𝒂𝟐
𝐥𝐨𝐠 𝐜𝐨𝐬𝒂𝒙 𝐜𝐨𝐬𝒂𝒙

+
𝒙

𝒂
𝐬𝐢𝐧𝒂𝒙
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3. 𝑠𝑜𝑙𝑣𝑒 𝐷2 − 2𝐷 + 1 𝑦 = 𝑒𝑥 log 𝑥 

Solution: 

𝐺𝑛, 𝐷2 − 2𝐷 + 1 𝑦 = 𝑒𝑥 log 𝑥 

𝐻𝑒𝑟𝑒 𝑚 = 1,1 
∴ 𝐶𝐹 = 𝐴𝑥 + 𝐵 𝑒𝑥 = 𝐴𝑥𝑒𝑥 + 𝐵𝑒𝑥 

𝐻𝑒𝑟𝑒 𝑓1 = 𝑥𝑒
𝑥 => 𝑓1

′ = 𝑥 𝑒𝑥 + 𝑒𝑥(1) 
𝑓2 = 𝑒

𝑥 => 𝑓2
′ = 𝑒𝑥 

𝑊 = 𝑓1𝑓2
′ − 𝑓2𝑓1

′ = 𝑥𝑒𝑥 𝑒𝑥 − 𝑒𝑥 𝑥𝑒𝑥 + 𝑒𝑥  

=> 𝑊 = −𝑒2𝑥 

 𝐻𝑒𝑟𝑒 𝑋 = 𝑒𝑥 log 𝑥   

  𝑤𝑒𝑟𝑒 𝑃 = − 
𝑓2𝑋

𝑊
𝑑𝑥 = − 

𝑒𝑥𝑒𝑥 log 𝑥

−𝑒2𝑥
𝑑𝑥 

=  log 𝑥  𝑑𝑥 

𝑃 = 𝑥 log 𝑥 − 𝑥  
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𝑄 =  
𝑓1𝑋

𝑊
𝑑𝑥 =  

𝑥𝑒𝑥𝑒𝑥 log 𝑥

−𝑒2𝑥
𝑑𝑥 

= −  𝑥 log 𝑥  𝑑𝑥 

 𝑢𝑠𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛 𝑏𝑦 𝑝𝑎𝑟𝑡𝑠, 𝑢 = log 𝑥 , 𝑑𝑣 = 𝑥 𝑑𝑥 

=> 𝑑𝑢 =
𝑑𝑥

𝑥
, 𝑣 =

𝑥2

2
 

𝑄 = − 𝑥 log 𝑥  𝑑𝑥 = −
𝑥2

2
log 𝑥 −  

𝑥2

2

𝑑𝑥

𝑥
 

= −
𝑥2

2
log 𝑥 +  

𝑥

2
𝑑𝑥 

𝑄 = −
𝑥2

2
log 𝑥 +

𝑥2

4
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∴ 𝑃𝐼 = 𝑃𝑓1 + 𝑄𝑓2 

= 𝑥 log 𝑥 − 𝑥 𝑥𝑒𝑥 + −
𝑥2

2
log 𝑥 +

𝑥2

4
𝑒𝑥 

= 𝑥2𝑒𝑥 log 𝑥 − 𝑥2𝑒𝑥 −
𝑥2𝑒𝑥

2
log 𝑥 +

𝑥2𝑒𝑥

4
 

𝑃𝐼 =
𝑥2𝑒𝑥

2
log 𝑥 −

3𝑥2𝑒𝑥

4
 

∴ 𝑠𝑜𝑙𝑛 𝑖𝑠 𝑦 = 𝐶𝐹 + 𝑃𝐼 

𝒚 = 𝑨𝒙 + 𝑩 𝒆𝒙 +
𝒙𝟐𝒆𝒙

𝟐
𝐥𝐨𝐠𝒙 −

𝟑𝒙𝟐𝒆𝒙

𝟒
  

 

4. 𝑆𝑜𝑙𝑣𝑒 𝐷2 + 1 𝑦 = cosec 𝑥 cot 𝑥 

Solution: 

𝐺𝑛, 𝐷2 + 1 𝑦 = cosec 𝑥 cot 𝑥 

𝑎. 𝑒. 𝑖𝑠 𝑚2 + 1 = 0 => 𝑚 = ±𝑖 

𝐶𝐹 = 𝐴 cos 𝑥 + 𝐵 sin 𝑥  
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𝐻𝑒𝑟𝑒 𝑓1 = cos 𝑥 => 𝑓1
′ = −sin 𝑥 

𝑓2 = sin 𝑥  => 𝑓2
′ = cos 𝑥 

𝑊 = 𝑓1𝑓2
′ − 𝑓2𝑓1

′ 

= 𝑐𝑜𝑠2𝑥 + 𝑠𝑖𝑛2𝑥 = 1 

 𝐻𝑒𝑟𝑒 𝑋 = cosec 𝑥 cot 𝑥  
 𝑇𝑒𝑛 𝑃𝐼 = 𝑃𝑓1 + 𝑄𝑓2 

𝑤𝑒𝑟𝑒 𝑃 = − 
𝑓2𝑋

𝑊
𝑑𝑥 = − 

sin 𝑥 cosec 𝑥 cot 𝑥

1
𝑑𝑥 

= − cot 𝑥  𝑑𝑥 

𝑃 = − log(sin 𝑥)   

𝑄 =  
𝑓1𝑋

𝑊
𝑑𝑥 =  

cos 𝑥 cosec 𝑥 cot 𝑥

1
𝑑𝑥 
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=  
cos2 𝑥

sin2 𝑥
 𝑑𝑥 

=  
1 − sin2 𝑥

sin2 𝑥
 𝑑𝑥 =   cosec2 𝑥 − 1 𝑑𝑥 

𝑄 = −cot 𝑥 − 𝑥  

𝑃𝐼 = − log(sin 𝑥) cos 𝑥 − cot 𝑥 + 𝑥 sin 𝑥   

∴ 𝑠𝑜𝑙𝑛 𝑖𝑠 𝑦 = 𝐶𝐹 + 𝑃𝐼 

𝒚 = 𝑨𝐜𝐨𝐬 𝒙 + 𝑩𝐬𝐢𝐧𝒙 − 𝐥𝐨𝐠(𝐬𝐢𝐧 𝒙) 𝐜𝐨𝐬 𝒙

− 𝐜𝐨𝐭 𝒙 + 𝒙 𝐬𝐢𝐧 𝒙
 

 












































